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Spin-based effects and transport properties of a spin-orbit-coupled hexagonal optical lattice
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We investigate an ultracold Fermi gas in a hexagonal lattice subjected to a strong Rashba spin-orbit coupling
(SOC). We focus on the marginal Abelian limit with the strength of SOC k = /2, where the derived Dirac
fermions are spin-1/2 spinors in contrast to the pure hexagonal lattice. We find a double-degeneracy at the center
of the Brillouin zone, which is a spin-3/2 Dirac-Weyl fermion that can be represented as two spin-1/2 fermions.
While at the corner of the Brillouin zone, there occur another two spin-1/2 fermions. These Dirac spinors display
a verity of spin textures beyond the usual topological properties. Furthermore, we investigate the energy spectrum
of one-dimensional (1D) zigzag and armchair ribbons, and show that the appearance of a new cone at the center of
the Brillouin zone can induce two flat bands in a 1D zigzag ribbon. These unique properties allow us to transport
a single spin-1/2 Dirac spinor through the 1D zigzag ribbon with two quasi-two-dimensional leads, where only

the spin-up or spin-down freedom of the Dirac spinors can transit through the ribbon.
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I. INTRODUCTION

The successful control of ultracold atoms in optical lattices
has made it an ideal playground to explore a variety of
fascinating quantum phenomena [1]. One example is that the
two-dimensional (2D) hexagonal optical lattice has attracted
considerable interest both theoretically [2—4] and experimen-
tally [5,6]. The artificial honeycomb geometry can give rise to
Dirac cones, such as that of graphene [7], which are of great
importance in the study of remarkable behaviors of relativistic
fermions.

More recently, spin-orbit coupling (SOC) has become an
exciting forefront [8,9] because of its potential application
in future spintronics [10,11]. This has motivated much effort
in creating artificial non-Abelian gauge fields in ultracold
atoms [12], where both the spin-orbit-coupled Bose-Einstein
condensate [13] and Fermi gas [14,15] have been successfully
realized. Such advances open up a new avenue towards
exploring many novel physics of an optical lattice subjected
to SOC [16-21]. Especially, it was shown that the emerging
relativistic fermions can also occur in a square lattice, where
the strong Rashba SOC plays the key role [16].

However, although the above relativistic fermions have
attracted great attention and have been discussed many times
in both the solid-state and ultracold-atom communities, the
degrees of freedom of the real and pseudo spins are not
involved simultaneously. Therefore, it is natural to study a
new system by combining the strong SOC of Ref. [16] with a
honeycomb geometry. In contrast to graphene, when a fermion
hops between two honeycomb sublattices, the accompanying
spin will be flipped.

In this paper, we focus on the marginal Abelian limit
with the strength of SOC « = /2, where the emerging
Dirac fermions become spin-1/2 spinors. We show that there
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occurs a spin-3/2 Dirac-Weyl fermion at the center of the
Brillouin zone, which can be represented as two spin-1/2
fermions. While at the corner of the Brillouin zone, another
two spin-1/2 fermions occur. In contrast to the well-studied
pure hexagonal lattice, these Dirac spinors display a variety
of spin textures beyond the usual topological properties.
Furthermore, because the mesoscopic property is of great
interest in honeycomb geometry, we also investigate the
energy spectrum of one-dimensional (1D) zigzag and armchair
ribbons. We demonstrate that the appearance of a new cone at
the center of the Brillouin zone can induce two flat bands in
a 1D zigzag ribbon, which is of significance for mesoscopic
transports. Finally, we calculate the transport conductance of
the 1D zigzag ribbon with two quasi-2D leads, and we find that
only the spin-up or spin-down freedom of the Dirac spinors
can transit through the zigzag ribbon.

This paper is organized as follows: We first discuss the
single-particle spectrum of the system in Sec. II. Then in
Sec. III, we derive the effective Hamiltonians at the center
and corner of the Brillouin zone. In Sec. IV, we analyze the
topological properties and spin configurations of the effective
Hamiltonians. After that, we investigate the energy spectrum
of 1D zigzag and armchair ribbons in Sec. V, and calculate
the conductance of the 1D zigzag ribbon with two quasi-2D
leads in Sec. VI. Finally, the experimental feasibility of the
actual realization of the effective models is discussed in
Sec. VIL

II. MODEL OF SPIN-ORBIT-COUPLED HEXAGONAL
OPTICAL LATTICE AND ENERGY SPECTRUM

We consider a system of two-component fermionic atoms
moving in a two-dimensional optical potential VL. In the
noninteracting limit, which can be obtained by means of
Feshbach resonances [22], the Hamiltonian of the system can
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FIG. 1. (Color online) Hexagonal lattice and single-particle en-
ergy spectrum. (a) Optical lattice potential Vo, and the contour, where
a hexagonal lattice is made out of the minima of the potentials.
(b) Lattice structure with A and B denoting two sublattices, where
K j»J = 1,2,3 are the nearest neighbor vectors, and U represent the
non-Abelian tunneling matrices. (c) Energy band structure of the
hexagonal lattice in the marginal Abelian regime, where a new Dirac
cone appears at the center of the Brillouin zone T in addition to K, K’
cones. (d) Dispersion of the energy spectrum along k, axis with
k. = 0. Note that while the bands at K,K' become nondegenerate,
there exhibits an extra double degeneracy around I'.

be described by
1 - -
H =/w*[z—(k2+2xk.r)+VOL]I/fdxdy, 1)
m

where ¥ = (Y4,,)" is the two-component fermionic field
operator, x is the strength of Rashba SOC and T = {te, 7y},
where 7, , are the spin Pauli matrices. The optical potential can
be given by VoL =;_,3V cos?[ky(x cos6; + y sin6;)]
with 6, = /3,0, =2n/3,0; =0, and k; = m/a (a is the
lattice spacing) [2], where the minima of Vi form a hexagonal
lattice, as shown in Fig. 1(a). The above Hamiltonian can be

v2—|-v2
|u|2+|1| |2|+

2 2
A
) m” +

EX(k) =
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rewritten in a gauge-field form, which reads
~ 1 - bnd A
H = / WT[ﬁ(k + Ay + VOL:|‘/fdx dy, (2)

with A = k (T, 7y) being the non-Abelian gauge-field induced
by Rashba SOC. Then, in the deep optical lattice limit, we
can use the Wannier functions expansion and derive the tight-
binding model

H=-1Y Z[WL_SUSIM +H.cl, 3)
LI
where ¢ is the overall hopping amplitude, wiT = (ciTT,ciT ,) with
ciTT( 1) the creation operator for spin-up (down) fermion at
site i. § are the nearest neighbor vectors of the hexagonal
lattice, which are given by §; = 5(1, V3), 8, = 5(1, — —J3),
and 53 = a(—1,0) (a is the lattice spacing), see Flg 1(b).
The nearest sites tunneling matrices are Us = 'A% with
= k(7y,7y) the non-Abelian gauge-field induced by Rashba
SOC [16-18]. Here, the diagonal terms of U; = coskl +
i sink (T -8) denote the spin-conserved hopping, while the
off-diagonal terms describe the spin-flipped hopping, which is
induced by the above Rashba-type non-Abelian gauge field.
Then, in the momentum space, we have the following
Hamiltonian on the basis of the four-component wave function

U = (Yar,¥a . ¥er¥e)

m+A 0 u(®) v (k)
H(l_é) _ Oq m —QA vy (k) u(k) @
wik)  vik) —m+A 0
vik)  ur(k) 0 —m—A

with the matrix elements u(l;) = —rcosk ) ze' ik§ s vl(k)
—itsink Y5¢%5(8 - T);,, and vy(K) = —it sink Y555 -
7),4. Here, we have also included a staggered sublattice
potential m [23] and a polarization field A which introduces
the population imbalance between two fermionic components.
The corresponding energy spectrum of the Hamiltonian
[Eq. (4)] can be obtained as

®)

0112 — o2
+ \/[%} + |u>(Jv1 | + [v2]?) + u?vv; + w?vivy + 4A%(Jul?> + m?) + 2mA(Jvi > — |v2]?).

We now discuss the peculiar properties of the corresponding
energy bands of Eq. (5). For simplicity, here we consider the
case with both m and A being zero. First for « = 0, the band
structure is explicitly as that of graphene where the Dirac cones
at K, K’ are spin degenerate. However, when the SOC is added
to the lattice, both the up and down spin components will be
mixed, and each of the spin degenerate band would be split
into two Rashba bands. Specifically, in the vicinity of k = 7 /2
where the spin-flipped process dominates, the Wilson loop

characterized by W = tr[U; U, Us 83U f Us ! U f ] reduces to the
marginal Abelian regime with |W| = 2 [16] In this case, there
develops a significant new cone at the center of the Brillouin
zone beyond the two familiar K,K’ cones of graphene [see
Fig. 1(c)]. Interestingly, we find that while the energy bands
around K, K’ are nondegenerate, the bands around the " point
exhibit an extra two-fold degeneracy, as shown in Fig. 1(d).
The general case with nonzero m and A will be discussed
below.
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III. EFFECTIVE HAMILTONIAN AND EIGENVECTORS
NEART AND K,K' POINTS

To gain more insight into the above results around I and
K, K’ points, it is instructive to derive the effective low-energy
Hamiltonian in the marginal Abelian regime with x = 7 /2.
We first consider the I point, the effective Hamiltonian reads
(see Appendix A)

Hr =36 -k+mp+Al, @1, (6)

where @ = o, ® 1; with 0;, i = x,y being the Pauli matrices
representing the A B-sublattice pseudo-spin degrees of free-
domand B =0, ® I,.

At first sight, when A = 0, Eq. (6) bears the same form of
the archetype four-component Dirac fermion with k, = 0 [24].
However, as is well known, the archetype Dirac fermion can
only appear in 341 dimensions, but in the case of 2+ 1
dimensions it suffices to use 2 x 2 matrices to define the
Clifford algebra [25,26]. Actually, the double degeneracy at I"
point shows that this is a spin-3/2 Dirac-Weyl fermion that can
be represented as two spin-1/2 fermions [25]. In Appendix A,
we see that the two positive-energy wave functions are in fact
spin-1/2 spinors with u; = (cos %e""ﬁ, sin %*)T and u, =
(sin %,cos %ei“’i)T, in the spin subspace (¥44,¥5;)" and
(1//BTJ#A¢)T , respectively. Here, cos 6+ 27—%;?&&2 and g =
arctan % Generally, Eq. (6) can be decoupled into two ef-
fective Hamiltonians Hr1 = %(erx +kyty) + (m + A)t, and
HE = 3(ket, + ky1,) — (m — A)z, for the two spin-1/2 Dirac
spinors, respectively.

While for the K and K points, the corresponding effective
Hamiltonians H k) and eigenvectors Uk are also given
in Appendix A. We find that the nonzero positive-energy
wave functions of Hg ) are spin-1/2 spinors with ux =
(sin %, Ccos %e""/"?)T and ug = (cos %ei‘/’i, sin %)T in the
spin subspace (Yar,¥p,)" and (¥py,¥a,)’, respectively.
Significantly, note that u gk, are complex conjugate to uy(q)
with the same eigenenergies, and we arrive at the following
effective Hamiltonians for the two spin-1/2 Dirac spinors
at K,K' points: Hg = %(—erx +kyty) — (m — A)t, and
Hy = 3(—k,tc + ky1y) 4+ (m + A1

We then discuss the roles of parameters m and A in the
effective Hamiltonians. First form # 0,A =0or A # 0,m =
0, u;, are still double degenerate but open the same gaps as
the other two spin-1/2 fermions ux g/. While for the general
case with both m and A, the double degeneracy would be
broken, the u; — ug  branches open a large gap m + A and
the uy — ug branches possess a small gap |m — A|. In this
work, we assume that both m and A are positive.

IV. TOPOLOGICAL PROPERTIES AND
SPIN CONFIGURATIONS OF
THE EFFECTIVE HAMILTONIANS

Now, we discuss the topological properties of the spin-
1/2 Dirac fermions of the effective Hamiltonians Hll(z)
and Hg . The Berry curvatures are calculated through
Q) = (Ok,ty |0k, uy) — (Ok,uy |0k, u,). Here, u, represents the
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FIG. 2. (Color online) Spin configurations and Chern numbers for
the positive-energy branches u ;) and ug/ (k). Here, the spin textures
are form > A.

positive-energy branches of u;) or ug: (k). Then, the Chern
number of each branch is given by C,, =L %<, see Fig. 2.

First, for the case m # 0 but A = 0, both the time-reversal
symmetries of Hll(z) and Hg g are conserved. The Chern

number of the two degenerate branches uj) reads C,,,

:F%sgn m, which gives rise to the zero Chern number at I"
point, i.e., Cr = C,, + C,, = 0. This means that there is no
anomalous charge Hall conductivity for I' point. On the other
hand, because each branch bears spin freedom as shown below,
the Berry curvature induces a spin Hall conductivity o} =
(Cy, — Cy,)/ h = —1/h. The same analysis can be applied
to ug(xy and we derive Cux/(m = :I:%sgn m. We see that the
total Chern number at K, K’ points vanishes Cx_x = Cy,, +
Cy =0, but with a nonzero ox_g = (Cy,, — Cy )/ h =
1/h. However, due to the time-reversal symmetry of the
system, the sum of the Chern numbers Cyy, = Cr + Cx—_k-
and the spin Hall conductivity o3, = of + 05 _k at I' and
K, K’ points all vanish.

While for the another case with nonzero A but m =0,
both the time-reversal symmetries of Hll(z) and Hg gy are
broken by A. In such a situation, we have C,,, = —%sgn A,
which give rise to a nonzero Chern number at I point with
Cr = —1. This is similar to Haldane’s model for a quantum-
hall insulator without Landau levels [27]. Similarly, we have
Cumm = %sgn A and Cx_g =1 for K,K' points. Here we
should mention that, although the time-reversal symmetry
breaking produces nonzero Chern numbers at I' and K,K’
points, the overall Chern number Cyyy, = 0 due to the important
fact that ug xy are complex conjugate to uyy. As to the spin
Hall conductivity, we have o} = o3 _4, = 0.

Finally, for the general situation with both m and A, we
derive the corresponding Chern number C, ., = :F%sgn(m +

A)and Cy, , = :t%sgn(m — A). We see that either form > A
or m < A, the overall Chern number Cg, and spin Hall
conductivity o = are zero. Therefore, although the topological
properties of each 1/2-spinor are nontrivial, there is no topo-
logical order in the overall system and no topological phase
transitions occur. Furthermore, the above Chern numbers can

also be calculated by

1 - oL
C, = — [ d*k(0c h” x 8. h?) - h", 7
= I ( kA X O, ) (7

with 27 representing the projection of Hrl(z) and Hg into
the spin subspaces spanned by (t,,7,,7;). Then, we obtain
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RYE) = (sin 6, cos gz, + sin 6, sin g, cos6,), h2K) =
(siné_ cos gy, £ sin6_sin gy, —cosf_), respectively. In
fact, hY represents the real spin configurations in the
spin subspaces, see Fig. 2. The corresponding topological
structures are defined by plotting h” as a function of k. We
find that they can be visualized by the meron configurations
of vectors 4”. The meron is a half skyrmion, where it points
to the north (or the south) pole at the origin and winds
around the equator at the boundary with £+1/2 topological
charge [28]. This can be clearly seen in the s, value of spin
§ = L withs! = Y, which givesrise to s!®") = cos 6, /2 and
s2K) = — cos 6_ /2. By the definition cos 0, = —=—2£2

3K mEAR’

we have cos 6+ = =+1 at the center of each cone with k = 0,
depending on the sign of m &+ A. Therefore, each branch is
the s, spin eigenstate at the center of the cones, while s
vanishes away from the center. In Fig. 2, both the topological
properties and spin configurations of each band are entirely
determined by the two external parameters m and A.

V. SPECTRUM OF ZIGZAG AND ARMCHAIR RIBBONS

In this section, we investigate the mesoscopic behaviors
of the system. As is well known, the central issue regarding
graphene is how it behaves when it is patterned at the
nanometer scale with different edge geometries, i.e., the
ribbons. Such ribbons with various types of edges have been
shown to exhibit dramatically different properties [29-31].
Here, we calculate the energy spectrum of 1D zigzag and
armchair ribbons in the marginal Abelian limit with « = /2.
We note that because the unique properties of the system arise
from the combination of the strong non-Abelian gauge field
and honeycomb geometry of the optical lattice, the edges also
play important roles.

For the 1D ribbon with zigzag (armchair) edges, the
Hamiltonian is translation invariant along the x (y) direction.
The corresponding configuration of the ribbon is depicted
in Fig. 1 of Ref. [30]. We assume that there are N A-type
and N B-type atoms in a unit cell. Then, the corresponding
tight-binding Hamiltonian can be represented as

0 T 0 (i)
(e L R
Ha.=9' o (T’ o 7 é,

() 0@ o

whereg = [c1a4,C144,C1B1,C1BY s - - - ,CNAL,CNAL>CNBY>CNBY]
and z, a denote the zigzag and armchair ribbons, respectively.
Tzif‘;ra*i“‘er represents the intracell and intercell hopping matrix
in the 1D momentum space, see Appendix B. By diagonalizing
the Hamiltonian H, ,, we can derive the corresponding energy
spectrum of the SO-coupled ribbons. Figure 3 shows the results
form = A = 0. We find that while there are no edge states for
the armchair case similar to graphene, the behaviors of edge
states in the zigzag ribbon are dramatically changed by the
SOC. Significantly, the appearance of the new cone at I' in
Fig. 1(c) induces two flat bands, which connect the u; — ug-
and u, — ug energy bands.
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FIG. 3. (Color online) Energy dispersion of the 1D ribbons for
m = A = 0. The ribbon width N =26 in a unit cell. (a) For the
armchair ribbon, the SOC does not affect the behaviors of the lowest
propagating mode and there are no edge states. (b) For the zigzag
ribbon, there appears two flat bands connecting the u; — ugs (dashed
lines) and u, — uk (dash-dotted lines) energy bands, respectively.

The energy spectrum of the 1D zigzag ribbon for the general
situation is shown in Fig. 4(b), where for either m > A or
m < A, the spectra are the same, and the flat band opens
up a large gap m + A for u; —ug and a small gap |m —
A| for the uy — ug branches. Here we should mention that
because there is no topological order in this system, the flat
bands come from the honeycomb geometry, such as that of
graphene, which could not be confused with the edge states
in the topological insulators [8]. Nevertheless, the nontrivial
topological properties of each spin-1/2 spinor can be explored
through the so-called valley-filter scheme [32] as shown in
Sec. VL.

(@)
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FIG. 4. (Color online) (a) Transport configuration of the 1D
zigzag ribbon coupled with two quasi-2D leads. (b) Energy dispersion
of the 1D zigzag ribbon contact, where the flat bands open up a large
gap m + A for the u; — ugs branches, and the Fermi energy Er can
be tuned to lie only at the u, — ug positive-energy branches which
possess a small gap [m — A|. T is the minimal energy of the first
mode of u g band.
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FIG. 5. (Color online) Conductance and valley polarization of
ug branch for the configuration depicted in Fig. 4(a) as a function of
Fermi energy Er. In the region |m — A| < Ep < t [see Fig. 4(b)],
the conductance is quantized with G = 1/h and only the ux branch
of the leads can be transmitted with Pgx >~ 1.

VI. CONDUCTANCE OF THE 1D ZIGZAG RIBBON
WITH TWO QUASI-2D LEADS

Now, we calculate the conductance of 1D zigzag ribbon
coupled with two quasi-2D leads, which may display novel
spin-based transports phenomena. More recently, there have
been great advances in investigating the transporting properties
of ultracold gases [22,33]. Especially, the mesoscopic transport
through a 1D channel has been successfully realized in
experiments [34]. Here, we consider a 1D zigzag ribbon
contact, which is connected to two quasi-2D leads, as depicted
in Fig. 4(a). Such a configuration can be realized by separating
two reservoirs of ultracold atoms through a narrow channel,
which is imprinted by using two lobes of a laser beam [34].

We shall consider a general situation with the strength of
SOC « = 0.98(r/2), close to the marginal Abelian regime.
The polarization field is fixed to A = 0.15, for example, while
the staggered potential m is tunable. The chosen parameter
range of interest is m ~ A, where the flat bands in Fig. 3(b)
would open a large gap m + A for u; — ug branches and a
small gap |m — A| for u, — ug branches. The Fermi energy
Er is tuned to lie at the u, — ug positive-energy bands. Then,
the properties of ballistic transports will be determined by the
1D zigzag ribbon contact as shown in Fig. 4(b).

The conductance of the 1D zigzag ribbon can be calculated
by the widely used Landauer formula G = % 217:7 u T with

T, = Zﬂ"sz |t,v|?. Here, u is the propagating mode of the
quasi-2D leads at Fermi energy Ep withpu = —1, —2,..., —
M lying in the u, branch and © =0,1,2,...,M lying in
the ug branch [32]. Note that, the propagating zeroth mode,
w =0, comes from the flat band. The key step is then to
calculate numerically the transmission matrix elements f,,,
where we have extended the method of Ref. [35] to include the
SOC-induced spin-flipped hopping. To illustrate, here we take
Wieaa = 150a for the width of the quasi-2D leads, Wy, = 30a
and L = 34+/3a for the width and length of the 1D ribbon,
and m = 0.17, for example.

PHYSICAL REVIEW A 88, 023608 (2013)

Figure 5 shows the result of conductance, where we have
also presented the polarization of the ux branch defined by
Py = [To+ Yo (T, — T-)1/(X,i__,; T,)- Note that when
the Fermi energy lies between the zeroth and first modes of
the ug branch in the 1D ribbon, that is, [m — A| < Ef < 7,
then only the channel of the zeroth mode, i.e., the flat band,
can contribute to the conductance, see Fig. 4(b). Then, the
conductance is quantized with G = 1/h, and only the ug
branch of the quasi-2D leads can be perfectly transmitted
through the ribbon with the so-called valley polarization
Px ~ 1. Note that in contrast to Ref. [32] where the valley
is made out of a pseudospinor of graphene, this ug valley
carries the real spin freedoms of the spin-1/2 spinors.

As we show in Fig. 2, while the ug branch of the leads
transmit through the 1D zigzag ribbon, the corresponding
topological and spin textures can be tuned by two external
fields m and A simultaneously. When m > A, we have
Cuy = —0.5 and sX¥ = 1/2 at the K point. In this case, by
adding an effective in-plane electric field along the ribbon [36],
only the down spin of the ux Dirac spinor can be transmitted,
and it accumulates at the bottom of the right lead [lower shaded
region in Fig. 4(a)] with half the unit spin Hall conductance
U,jK = 1/2h. On the other hand, if m is tuned to be less than
A, ie., m < A such as m = 0.13, both the sign of Chern
number C,, and direction of spin texture SX would be reversed.
Accordingly, we can let only the up spin of the u ¢ Dirac spinor
transmit and accumulate at the other side of right lead [upper
shaded region in Fig. 4 (a)]. Therefore, by tuning the parameter
m, only the up- or down-spin freedom of the spin-1/2 spinors
can transit through the zigzag ribbon.

Here we should mention that because there is no topological
order in this system, the conductance quantization shown in
Fig. 5 cannot be protected by topology. Therefore, the con-
ductance quantization is sensitive to disorder. This is actually
the case as that in graphene, for which the effect of disorder
on the conductance quantization has been reviewed in [37].
Fortunately, for a mesoscopic system, such quantization and
disorder damping have been experimentally observed in [38].
Therefore, we believe that the conductance quantization can
also be detected in our system.

VII. DISCUSSION AND CONCLUSION

Finally, we discuss the experimental feasibility of actual
realization of the system. First, there have been many proposals
for the generation of hexagonal optical lattice. The simplest
way is to superpose three coplanar traveling plane waves with
the same field strength [4]. The three wave vectors form a trine:
their sum vanishes and the angle between any two of them
is 2 /3. The optical potential is v(r) o 3 + 222:1 cos(b, -

r) with by = YFLEFE) 4ng by = —b; —b,. Second, the
staggered sublattice potential can be realized by breaking the
reflection symmetry of the honeycomb potential. This can be
implemented by superimposing three independent standing
waves, and a phase ¢ is introduced by the replacement
Zi:] cos(b, - r) — ZZ:] cos(b, - r+ ¢). In this case, we
have the staggered sublattice potential m o |p| [4]. Third, we
may use laser methods to employ degenerate dark states in
a four-level system with three levels coupled to a common
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fourth, under pairwise two-photon-resonance conditions [39].
Such dressing fields can be applied to generate the Rashba type
of non-Abelian gauge field for atoms trapped in optical lattices.
Fourth, the polarization field A can be easily realized by
introducing the population imbalance between two fermionic
components. At first sight, itis a complicated task to implement
all the optical lattice, the staggered sublattice potential m,
the polarization field A, and the SOC simultaneously. Here
we should mention that with the foreseeable advancement
in the state of the art, we expect that the model can be
realized in the foreseeable future. Finally, the accumulated
up or down Dirac spinors in the right lead can be detected
directly by spin-dependent imaging. Nevertheless, the atomic
density may decrease away from the center of the trap because
of the slowly varying trap potential. To solve this difficulty,
we may consider a square-well potential with a sharp trap
boundary [40,41]. Moreover, one may feel that because the
narrow 1D ribbon of Fig. 4(a) is imprinted by using two
lobes of a laser beam [34], the connection region between
the 2D leads and 1D ribbon, i.e., the scatter region, may be
irregular. To solve this problem, we have explored different
configurations of the scatter region [42]. The results show
that the conductances for different scatter regions are qual-
itatively the same. This would facilitate future experimental
manipulations.

m—+ A 0
H 0 m—A
" 0 3(ky — iky)
(ks + iky) 0
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In conclusion, we have shown that the SO-coupled hexag-
onal lattice can give rise to a variety of spin-based physics
of the spin-1/2 Dirac spinors in the marginal Abelian limit
with k = /2. We investigate the spectrum of the 1D ribbons
with different edges and calculate the conductances of the 1D
zigzag ribbon with two quasi-2D leads. We show that only the
spin-up or spin-down freedom of the Dirac spinors can transit
through the zigzag ribbon by tuning the parameter m.
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APPENDIX A: EFFECTIVE HAMILTONIAN AND
EIGENVECTORS NEAR T AND K, K’ POINTS

In the marginal Abelian regime with «k = /2, we first
derive the effective low-energy Hamiltonian for the I' point,
which reads

By using the 4 x 4 matrices@ =0, ® 7; and B = 0, ® IAT, we can then derive Eq. (6).
The eigenvectors of Hr are four-component plane waves, which are given by

Ur = {u1,u2,u3,u4}
0. I
cosye 'k 0
0 cos%’ei‘”i'
= . 6.
0 sins-
sin 0

2

mEA

& F2+mEn)?

Here, cosf0+ =

0 (ke — iky)
3 .
sk, + ik, 0
2( 2 (A1)
—m+ A 0
0 —-m — A
0 —sink e~
— sin%e“"i 0
cos% 0
0.
0 cos5
(A2)

and ¢ = arctan l,i—‘ The corresponding eigenenergies are Er = =£,/22+m=a)2. The two positive-

energy spinors read u; = (cos %e"'q’i ,0,0, sin %)T and u, = (0, cos %ei“’i, sin %,O)T, which have opposite helicities.

While for the K and K points, the corresponding effective Hamiltonians can be obtained as

m—+ A 0
Hye = 0 m—A
0 —3(ky +iky)
2i 0

0 —2i
—3(ky — ik, 0
2k —iky) , (A3)
—m + A 0
0 —m — A
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and
m+ A 0 0 —3(ky + iky)
0 m— A —2i 0
Hy = .
0 2i —m+ A 0
—3(ky — iky) 0 0 —-m—A
(A4)
The eigenvectors of Hg k) read
0 0 0 0
0 cos %’e”"” —sin %’e’w 0
Uk = . ) , (AS)
0 sin &5 cos 5 0
0 0 0 0
and
0+ Jip A 17
cos 5-e 0 0 —sinze
U — 0 0O O 0 (A6)
K= 0 0 0 0 ’
sin 97* 0 O cos 67*

with the eigenenergies of nonzero eigenvectors given by Ex = £./2k2+m+a) and Eg = £./%k>+m-ay2, respectively. The
o . 0 i s 6 0y ig: )

nonzero positive-energy eigenstates of ug = (0, cos e, sin T,O)Tand ug = (cos e'%,0,0, sin %)T have the same

eigenenergies as those of u, and u;.

APPENDIX B: HOPPING MATRIX IN RIBBON HAMILTONIAN

In this Appendix, further information can be obtained by expressing the tight-binding Hamiltonian on the Bloch sums. The
intracell and intercell hopping matrix for a zigzag ribbon are

. cos k cos Y3k i sin k cos (—ﬁk—l) 4 2cosk isink
Tlmrd = ¢ 2 2 3 Tmter — (Bl)
z - .. ) z - .. .
i sinx cos (@ + %) COSKCOS@ isink 2cosk
And for an armchair ribbon,
—ik .. —ik _ik .. ,i(k,z
intra — COoske 1 SImke inter — COSKe "2 1SInke 273
"™ =t .. ik w ) L=t ) Ca . . (B2)
Isinke —Coske isinke 'Gt3) _coske iz

[1] M. Lewenstein, A. Sanpera, V. Ahufinger, B. Damski, A. Sen [8] M. Hasan and C. Kane, Rev. Mod. Phys. 82, 3045 (2010).

De, and U. Sen, Adv. Phys. 56, 243 (2007). [9] X.-L. Qi and S.-C. Zhang, Rev. Mod. Phys. 83, 1057
[2] S.-L. Zhu, B.-G. Wang, and L.-M. Duan, Phys. Rev. Lett. 98, (2011).
260402 (2007). [10] S. A. Wolf, D. D. Awschalom, R. A. Buhrman, J. M. Daughton,
[3] B. Wunsch, F. Guinea, and F. Sols, New J. Phys. 10, 103027 S. V. Molnar, M. L. Roukes, A. Y. Chtchelkanova, and D. M.
(2008). Treger, Science 294, 1488 (2001).
[4] K. L. Lee, B. Grémaud, R. Han, B. G. Englert, and C. Miniatura, [11] L Zuti¢, J. Fabian, and S. Das Sarma, Rev. Mod. Phys. 76, 323
Phys. Rev. A 80, 043411 (2009). (2004).
[5] P. Soltan-Panahi, J. Struck, P. Hauke, A. Bick, W. Plenkers, [12] J. Dalibard, F. Gerbier, G. Juzelitnas, and P. Ohberg, Rev. Mod.
G. Meineke, C. Becker, P. Windpassinger, M. Lewenstein, and Phys. 83, 1523 (2011).
K. Sengstock, Nat. Phys. 7, 434 (2011). [13] Y.-J. Lin, K. Jiménez-Garcia, and I. B. Spielman, Nature 471,
[6] L. Tarruell, D. Greif, T. Uehlinger, G. Jotzu, and T. Esslinger, 83 (2011).
Nature 483, 302 (2012). [14] P.-J. Wang, Z.-Q. Yu, Z.-K. Fu, J. Miao, L.-H. Huang, S.-J.
[7] A. H. Castro Neto, F. Guinea, N. M. R. Peres, K. S. Novoselov, Chai, H. Zhai, and J. Zhang, Phys. Rev. Lett. 109, 095301
and A. K. Geim, Rev. Mod. Phys. 81, 109 (2009). (2012).

023608-7


http://dx.doi.org/10.1080/00018730701223200
http://dx.doi.org/10.1103/PhysRevLett.98.260402
http://dx.doi.org/10.1103/PhysRevLett.98.260402
http://dx.doi.org/10.1088/1367-2630/10/10/103027
http://dx.doi.org/10.1088/1367-2630/10/10/103027
http://dx.doi.org/10.1103/PhysRevA.80.043411
http://dx.doi.org/10.1038/nphys1916
http://dx.doi.org/10.1038/nature10871
http://dx.doi.org/10.1103/RevModPhys.81.109
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1126/science.1065389
http://dx.doi.org/10.1103/RevModPhys.76.323
http://dx.doi.org/10.1103/RevModPhys.76.323
http://dx.doi.org/10.1103/RevModPhys.83.1523
http://dx.doi.org/10.1103/RevModPhys.83.1523
http://dx.doi.org/10.1038/nature09887
http://dx.doi.org/10.1038/nature09887
http://dx.doi.org/10.1103/PhysRevLett.109.095301
http://dx.doi.org/10.1103/PhysRevLett.109.095301

ZHU, SUN, ZHANG, CHAN, LIU, AND JI

[15] L. W. Cheuk, A. T. Sommer, Z. Hadzibabic, T. Yefsah, W. S.
Bakr, and M. W. Zwierlein, Phys. Rev. Lett. 109, 095302 (2012).

[16] N. Goldman, A. Kubasiak, A. Bermudez, P. Gaspard,
M. Lewenstein, and M. A. Martin-Delgado, Phys. Rev. Lett.
103, 035301 (2009).

[17] W. S. Cole, S. Z. Zhang, A. Paramekanti, and N. Trivedi, Phys.
Rev. Lett. 109, 085302 (2012).

[18] J. Radié, A. DiCiolo, K. Sun, and V. Galitski, Phys. Rev. Lett.
109, 085303 (2012).

[19] A. Bermudez, N. Goldman, A. Kubasiak, M. Lewenstein, and
M. A. Martin-Delgado, New J. Phys. 12, 033041 (2010).

[20] N. Goldman, I. Satija, P. Nikolic, A. Bermudez, M. A. Martin-
Delgado, M. Lewenstein, and I. B. Spielman, Phys. Rev. Lett.
105, 255302 (2010).

[21] A. Bermudez, L. Mazza, M. Rizzi, N. Goldman, M. Lewenstein,
and M. A. Martin-Delgado, Phys. Rev. Lett. 105, 190404 (2010).

[22] U. Schneider et al., Nat. Phys. 8, 213 (2011).

[23] G. W. Semenoff, Phys. Rev. Lett. 53, 2449 (1984).

[24] P. A. M. Dirac, Proc. Roy. Soc. A 117, 610 (1928).

[25] Z. Lan, N. Goldman, A. Bermudez, W. Lu, and P. Ohberg, Phys.
Rev. B 84, 165115 (2011).

[26] Z. Lan, N. Goldman, and P. Ohberg, Phys. Rev. B 85, 155451
(2012).

[27] E. D. M. Haldane, Phys. Rev. Lett. 61, 2015 (1988).

[28] B. A. Bernevig, T. L. Hughes, and S. C. Zhang, Science 314,
1757 (2006).

PHYSICAL REVIEW A 88, 023608 (2013)

[29] K. Nakada, M. Fujita, G. Dresselhaus, and M. S. Dresselhaus,
Phys. Rev. B 54, 17954 (1996).

[30] L. Brey and H. A. Fertig, Phys. Rev. B 73, 235411
(2006).

[31] N. M. R. Peres, A. H. Castro Neto, and F. Guinea, Phys. Rev. B
73, 195411 (2006).

[32] A. Rycerz, J. Tworzydto, and C. W. J. Beenakker, Nat. Phys. 3,
172 (2007).

[33] A. Sommer, M. Ku, G. Roati, and M. W. Zwierlein, Nature 472,
201 (2011).

[34] J. P. Brantut, J. Meineke, D. Stadler, S. Krinner, and T. Esslinger,
Science 337, 1069 (2012).

[35] T. Ando, Phys. Rev. B 44, 8017 (1991).

[36] Y.-J. Lin, R. L. Compton, K. Jimenez-Garcia, W. D. Phillips,
J. V. Porto, and I. B. Spielman, Nat. Phys. 7, 531 (2011).

[37] A. Cresti, N. Nemec, B. Biel, G. Niebler, F. Triozon,
G. Cuniberti, and S. Roche, Nano Res 1, 361 (2008).

[38] Y.-M. Lin, V. Perebeinos, Z. Chen, and P. Avouris, Phys. Rev. B
78, 161409 (2008).

[39] J. Ruseckas, G. Juzelitinas, P. Ohberg, and M. Fleischhauer,
Phys. Rev. Lett. 95, 010404 (2005).

[40] A. L. Gaunt, T. F. Schmidutz, I. Gotlibovych, R. P. Smith, and
Z. Hadzibabic, Phys. Rev. Lett. 110, 200406 (2013).

[41] K. Sun, W. V. Liu, A. Hemmerich, and S. Das Sarma, Nat. Phys.
8, 67 (2012).

[42] K. Wakabayashi, Phys. Rev. B 64, 125428 (2001).

023608-8


http://dx.doi.org/10.1103/PhysRevLett.109.095302
http://dx.doi.org/10.1103/PhysRevLett.103.035301
http://dx.doi.org/10.1103/PhysRevLett.103.035301
http://dx.doi.org/10.1103/PhysRevLett.109.085302
http://dx.doi.org/10.1103/PhysRevLett.109.085302
http://dx.doi.org/10.1103/PhysRevLett.109.085303
http://dx.doi.org/10.1103/PhysRevLett.109.085303
http://dx.doi.org/10.1088/1367-2630/12/3/033041
http://dx.doi.org/10.1103/PhysRevLett.105.255302
http://dx.doi.org/10.1103/PhysRevLett.105.255302
http://dx.doi.org/10.1103/PhysRevLett.105.190404
http://dx.doi.org/10.1038/nphys2205
http://dx.doi.org/10.1103/PhysRevLett.53.2449
http://dx.doi.org/10.1098/rspa.1928.0023
http://dx.doi.org/10.1103/PhysRevB.84.165115
http://dx.doi.org/10.1103/PhysRevB.84.165115
http://dx.doi.org/10.1103/PhysRevB.85.155451
http://dx.doi.org/10.1103/PhysRevB.85.155451
http://dx.doi.org/10.1103/PhysRevLett.61.2015
http://dx.doi.org/10.1126/science.1133734
http://dx.doi.org/10.1126/science.1133734
http://dx.doi.org/10.1103/PhysRevB.54.17954
http://dx.doi.org/10.1103/PhysRevB.73.235411
http://dx.doi.org/10.1103/PhysRevB.73.235411
http://dx.doi.org/10.1103/PhysRevB.73.195411
http://dx.doi.org/10.1103/PhysRevB.73.195411
http://dx.doi.org/10.1038/nphys547
http://dx.doi.org/10.1038/nphys547
http://dx.doi.org/10.1038/nature09989
http://dx.doi.org/10.1038/nature09989
http://dx.doi.org/10.1126/science.1223175
http://dx.doi.org/10.1103/PhysRevB.44.8017
http://dx.doi.org/10.1038/nphys1954
http://dx.doi.org/10.1007/s12274-008-8043-2
http://dx.doi.org/10.1103/PhysRevB.78.161409
http://dx.doi.org/10.1103/PhysRevB.78.161409
http://dx.doi.org/10.1103/PhysRevLett.95.010404
http://dx.doi.org/10.1103/PhysRevLett.110.200406
http://dx.doi.org/10.1038/nphys2134
http://dx.doi.org/10.1038/nphys2134
http://dx.doi.org/10.1103/PhysRevB.64.125428



