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Atomic-molecular Bose-Einstein condensates (BECs) offer brand new opportunities to revolutionize quantum
gases and probe the variation of fundamental constants with unprecedented sensitivity. The recent realization
of spin-orbit coupling (SOC) in BECs provides a new platform for exploring completely new phenomena
unrealizable elsewhere. In this study, we find a way of creating a Rashba-Dresselhaus SOC in atomic-molecular
BECs by combining the spin-dependent photoassociation and Raman coupling, which can control the formation
and distribution of a different type of topological excitation—carbon-dioxide-like skyrmion. This skyrmion is
formed by two half-skyrmions of molecular BECs coupling with one skyrmion of atomic BECs, where the two
half-skyrmions locate at both sides of one skyrmion. Carbon-dioxide-like skyrmion can be detected by measuring
the vortices structures using the time-of-flight absorption imaging technique in real experiments. Furthermore,
we find that SOC can effectively change the occurrence of the Chern number in k space, which causes the creation
of topological spin textures from some separated carbon-dioxide-like monomers each with topological charge
—2 to a polymer chain of the skyrmions. This work helps in creating dual SOC atomic-molecular BECs and

opens avenues to manipulate topological excitations.
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I. INTRODUCTION

Topological spin textures, such as skyrmion and half-
skyrmion, have great advantages to be applied in future
memory storage [1,2]. Containing the skyrmions’ creation and
annihilation processes, the formation of skyrmions’ composite
structures, which would lead to higher stability and more
degrees of freedom for manipulating, is the intriguing and
important issue to be addressed [2]. Single skyrmion and
skyrmion lattices in spinor Bose-Einstein condensates (BECs)
have been well understood in the past few years. But it is hard
for skyrmions and half-skyrmions to form composite structures
due to the superfluid property of BECs themselves.

The production of atomic-molecular BECs via the Raman
photoassociation [3—9] has revolutionized the field of ultracold
quantum gases because molecules offer microscopic degrees
of freedom beyond atomic gases. In particular, spin-orbit
coupling (SOC) in ultracold gases of atomic bosons [10-15]
and fermions [16,17] provides a possible way to further design
the topological excitations. This raises a question regarding
how to create SOC in the mixed atomic-molecular BECs,
which would be a dual platform for realizing SOC in both
atoms and molecules at the same time. Undoubtedly, the SOC
atomic-molecular BECs are a brand new system and may hold
some special features that do not present in single atomic or
molecular BECs.

The SOC, which describes the interaction of the particle’s
spin with its orbital motion, represents a fascinating and
fast-developing area of research significantly overlapping with
traditional condensed matter physics, but more importantly it
could also contain completely new phenomena unrealizable
elsewhere. Novel effects have been reported, such as formation
of the Bose mixture exhibiting a phase-separated propagation
[10], as well as appearance of the plane wave and stripe phases
[18-20] and other nontrivial structures [21-33] in the SOC
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atomic BECs. A number of schemes have been proposed
to create general gauge fields and SOC for ultracold atoms
[34-38]. Differing from the normal SOC ultracold atoms, the
SOC atomic-molecular BECs would initiate the exploration of
SOC to the untouched hybrid quantum systems.

In this study, we present a way of creating a dual equal-
Rashba-Dresselhaus SOC in the atomic-molecular BECs by
combining the spin-dependent photoassociation [39,40] and
Raman coupling [10-15]. Since SOC is introduced in both
atoms and molecules, we call it as dual SOC. Meanwhile, the
rotating atomic-molecular BECs indeed support a new type
of composite topological spin texture of topological charge
—2, which is named the carbon-dioxide-like skyrmion as it
resembles a carbon-dioxide molecule, i.e., one skyrmion of
atomic BECs locates between two half-skyrmions of molecular
BECs, locking them as a pair. By examining the Chern number
in k space, we find that this system has a large Chern number
up to 10 or more. And SOC can promote the Chern number,
which stands for the topological excitations, to be induced
in the high-|k| region, and suppress it in the low-|k| region.
Thus, we can use SOC to effectively change the configuration
of topological spin textures. Our results not only indicate
the immanent mechanism of a single carbon-dioxide-like
skyrmion and the skyrmion chain according to the vortices
configurations but also apply the Chern number to explain the
reason for SOC inducing these topological excitations.

A. Creation of dual equal-Rashba-Dresselhaus spin-orbit
coupling in atomic-molecular BECs

We consider a Bose gas of ultracold 8’Rb atoms, commonly
used in both experiments on the SOC atomic BEC [10-15] and
the atomic-molecular BECs [3,4], to demonstrate the scheme
for creating SOC atomic-molecular BECs [see Fig. 1(a)]. We
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FIG. 1. Experimental setup for creating the spin-orbit coupled atomic-molecular BECs of ®’Rb. (a) The experimental geometry. The
formation of spin molecular BECs: Laser field L1 finishes the spin-dependent photoassociation [39], laser field LT performs the AF = —1,
Amp = +1 is the transiting process of the excited molecules, and laser field L2 induces the excited molecules to emit a photon and forms
the stable spin-1 molecular BECs. The creation of dual SOC: The laser fields L3 and L4 (LS5, L6, and L7) are used to create the SOC of
atomic (molecular) BECs along the x axis. B denotes a weak magnetic field along the z axis, which is used to induce the Zeeman shift. (b)
Level diagram of Raman coupling within the atomic BECs. Two lasers (L3 and L4) are used to couple states of |1) (i.e., |1,—1)) and || ) (i.e.,
[1,0)). (c) Level diagram of Raman coupling within the F = 1 molecular BECs. The three lasers (L5, L6, and L7) couple states of ¢_;, ¢y, and
¢+1. (d) The procedure of creating |F = 1,mp = —1) state molecular BEC. A close pair of atoms from the condensate in a state || ) absorb
a photon from laser field L1 and then transit to a bound excited molecular state |FF = 2,mp = —2), i.e., the spin-dependent photoassociation
process |1,—1) ® [1,—1) — |2,—2) [39]. Via the laser field LT, the excited molecule transits to | FF = 1,mr = —1) state. Finally, laser field
L2 induces the excited molecular state to emit a photon into molecular state ¢_; which keeps F' = 1 and my = —1. Panels (e) and (f) are the

procedure of creating |FF = 1,mp = 0) and |F = 1,mp = +1) state molecular BECs, respectively.

take a BEC of up to 3 x 10° atoms and select two atomic
internal spin states with m; = —1 and my = 0 of the 87Rb
581/ ground state f =1 manifold, to be described as the
(pseudo-) spin up (1)) and down (]} )) states [see Fig. 1(b)].
Here f and m ; are the quantum numbers of the atomic total
spin and its projection along a quantization axis. A pair of
counterpropagating Raman lasers (w; 3 and w;4) couple these
spin states with the matrix element (Raman Rabi frequency)
Q4 inducing the SOC of the atomic BECs [see Fig. 1(b)].
The third spin state with my = 1 is detuned away from the
Raman resonance due to the quadratic Zeeman shift and hence
can be neglected. On the other hand, the counterpropagating
Raman lasers (w; 5, wr¢, and wy ;) are used to induce the SOC
for the spin-1 (F = 1) molecular BECs [see Fig. 1(c)]. An
extra laser w;7 is needed to couple the molecular states with
mp = 0and mp = 1 detuned from the resonance between the
statesmp = —1 and mp = 0 due to a quadratic Zeeman effect.
To prevent population of the excited state the laser fields are
sufficiently detuned from the single photon resonance. The
detailed processes for characterizing the dual SOC atomic-
molecular BECs are indicated in the Appendix.

The molecular BECs of 8’Rb, with hyperfine state |F = 1,
mp = 0,£1) are produced by the spin-dependent photoas-
sociation of atoms [39,40] [see Figs. 1(d)-1(f)]. A pair

of atoms with various combinations of internal states are
coupled to an excited molecule state |¢eny) via a laser beam
wr1. Here the photoassociation through the total spin-2
scattering channel gives molecular F numbers of 2. The three
spin-dependent photoassociation processes can be written as
follows: [1,0) ® |1,0) — [2,0),|1,—1) ® |1,0) — |2,—1),
and |1,—1) ® |1,—1) —> |2,—2). Under the transition AF =
—1land Amp = +1, the excited molecule states further change
into |¢;m) with F =1 and I =3 [39], where F, mp, and
I denote the total spin, its projection, and the nuclear spin
quantum numbers of a molecule. Finally, |¢ém) is coupled to
a ground molecule state |¢,,) via another laser beam wy, [see
Figs. 1(d)-1(f)]. As a result, the two-component atomic BEC
can be coherently converted into a three-component (spin-1)
molecular BEC with three internal spin states |F = 1, mp =
0, £1).

Our schematic has shown a possible method to create dual
SOC atom-molecule BECs. In real experiments, the realization
of dual SOC atom-molecule BECs would be affected by many
factors, such as spontaneous Raman scattering by molecules,
the inelastic collision channels between atoms and molecules,
heating due to spontaneous scattering, some undesired light
shifts, and inhomogenous detuning of the laser fields [3-8].
For simplicity, we ignore the above factors. The dual SOC

023624-2



SPIN-ORBIT COUPLING MANIPULATING COMPOSITE ...

atomic-molecular BECs can be described by (see Appendix):
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K = %wf + (e + Msr*)¢p_;. Here a=1+,] and
m = 0,41 label, respectively, the atomic and molecular
spins; d = 1,2,3 refers to the dimension of the system; M4

(M) is the mass of the atom (molecule); V4, = My
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Vy = MM;" ") is the harmonic trap for atomic (molecular)

-~

BECs; Fy—x,y,: (Ou=x,y.) are the spin-1 (Pauli) matrices;
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the strengths of atom-atom and atom-molecule interaction;
and g, and g, are the strengths of the spin-independent and
spin-dependent interactions between the molecules. Here also
Y, and ¢, denote the macroscopic wave functions of the
atomic BEC in the internal state |a) (@ = 1, ) and those of the
molecular BEC in the internal state |mp = m) (m = 0,%1).
The parameters A, 24, X, €, and w are the strengths of dual
SOC, Raman coupling, atom-molecule conversion, Raman
detuning, and trap frequency, respectively.

B. The numerical method for simulations

The damped projected Gross-Pitaevskii equation (PGPE)
[41] is used to obtain the ground state of atomic-molecular
BECs. By neglecting the noise term according to the corre-
sponding stochastic PGPE [42], the damped PGPE for the
atomic-molecular BECs is described as

Va
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I ~ o~
d¢m = P{ _ﬁHm(pmdt + (Mm - Hm)(pmdt}v (4)
where  Hopy =i (a =1, 1), Hupn = in%e (m =
0,£1), T is the final temperature, k g is the Boltzmann constant,
and u, and w,, are the chemical potential of atom and molecule
respectively. ¥, (¥n) is the growth rate for the ath component
(mth component). To obtain the ground state, we set the

parameter = k};#’T = 0.05 directly. The projection operator
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‘P is used to restrict the dynamics of atomic-molecular BEC
in the coherent region. The initial state of each component is
generated by sampling the grand-canonical ensemble for a free
ideal Bose gas with the chemical potential w,, 0 = 244.0- The
final chemical potential of the noncondensate band is altered
to the values w,, = 2u,.

In this study, we mainly focus on the two-dimensional
BECs. We use the parameters of atomic-molecular BECs
of ¥Rb with My, =2M, (M, = 144.42 x 10727 Kg), the
trapping frequency w = 200 x 2w Hz, and the strength of the
atom-atom interaction g; 4 = g4 with the scattering length
as = 101.8ap, where ap is the Bohr radius. In addition,
when the change in energy of converting two atoms into one
molecule (AU = 2Ur, — Ury,) [3], without including internal
energy, approaches zero, we can obtain the value 2g4 = gy,
and we set g, = gy = 2g4. For simplicity, we set the atom-
molecule interaction g4 _1 = g4.0 = &4,+1 = &4,—1 = &1,0 =
81.+1 = &am. The unit of length, time, and energy correspond
to Ji/(Maw) (0.76 um), w~' (~0.96 x 1073s), and fiw,
respectively. To excite vortices in this system, we add the
rotation mechanism [23,43,44]. To obtain the rotating SOC
BEC:s in real experiments, one method is to rotate the lasers
creating SOC for an isotropic trap or to rotate both the
lasers creating SOC and an anisotropic trap [43]. This leads
to an effective time-independent Hamiltonian, He = H —
Qrotation Lz, Which describes the system in a rotating frame of
reference [where L, = —ifi(x0, — yd,) is the orbital angular
momentum operator and 2qation 1S the frequency of rotation].

C. A single carbon-dioxide-like skyrmion in the dual SOC
atomic-molecular BECs

Spin texture excitations, such as skyrmion and half-
skyrmion, are particle-like topological entities in a continuous
field and they play an important role in many condensed matter
systems [1,2,45-47]. skyrmion has a nontrivial topological
charge of absolute value 1 and half-skyrmion proposes the
nontrivial topological charge of absolute value % Usually, spin
texture excitations relate to some vortices structure [48,49].
Specially, spin texture excitations would display variable
configurations but the topological charge is fixed. The dual
SOC atomic-molecular BECs provide a new platform for
exploring the spin texture excitations coming from atomic
BECs and molecular BECs simultaneously. Now we present
a way to obtain a single carbon-dioxide-like skyrmion, which
consists of one skyrmion with the topological charge —1 in
the atomic BECs and two half-skyrmions with the topological
charge —% in the molecular BECs. On both sides of the
skyrmion are the two half-skyrmions and they couple as a
unity resembling the carbon dioxide molecule.

In Fig. 2, we set the initial chemical potential w,, o =
21140 = 8w in the numerical simulations. The final chemical
potential of the noncondensate band is increased to w, =
21, = 28hw. The densities and the corresponding phases of
the dual SOC atomic-molecular BECs are obtained for the
equilibrium state [see Figs. 2(a) and 2(b)]. One can see that
both components of atomic BECs contain a vortex excitation.
The spin-up (spin-down) component fills in the vortex of the
spin-down (spin-up) component. Thus, this structure is similar
to a vortices molecule [50]. At the same time, two vortices
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FIG. 2. Creating a carbon-dioxide-like skyrmion in the dual SOC atomic-molecular BECs. (a) The densities of each component when the
system reaches the equilibrium state. The particles number (N4, Ny, N_1,No,N4) is (2.56 x 103,2.98 x 10°,1.72 x 10%,3.22 x 10%,1.59 x
10°). (b) The corresponding phases of each component in (a). [(c) and (d)] The spin texture of the atomic BECs and molecular BECs,
respectively. The color of each arrow indicates the magnitude of S;. [(e) and (f)] The corresponding spin texture under the transformation:
(S;,S/‘,,S;) = (S;.S,,—S;). (g) A combined scheme of the carbon-dioxide-like skyrmion. A skyrmion (center) couples with two half-skyrmions,
which have to be arranged at the two sides of the skyrmion. (h) The difference of spin vectors between the atomic BECs and the molecular BECs,
where y = 0. [(i) and (j)] The topological charge density of the atomic BECs and molecular BECs, respectively. The ellipse and rectangles
mark out the regions of a skyrmion and two half-skyrmions, respectively. The symbol o, %, I>, *, and < are the position of vortices formed by
the 1, |, mr = —1,mp = 0, and my = +1 components, respectively. (k) The sum of the topological charge densities. It denotes the creation

of carbon-dioxide-like skyrmion that the ellipse overlaps with the two rectangles. The unit of length, strength of x, 24 and dual SOC are
0.76 um, iw, w, and 0.96 x 10~ m/s, respectively.
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are induced in each molecular component, respectively. The
densities of all the components are symmetric with respect
to the y axis. In addition, only the density of the mp =0
component is symmetric with respect to the x axis. In this
way, these vortices form a cluster.

The emergence of the vortices cluster results from a com-
bination of the dual SOC, Raman coupling, atom-molecule
conversion, and rotation effect. The dual equal-Rashba-
Dresselhaus SOC causes a translational displacement along the
y axis on the rotating BECs. The translational displacement for
different spin state is opposite. Thus, the spin-upandm g = +1
components tend to move to the y < 0 region, and the
spin-down and m r = —1 components go to the y > 0 region.
Note that the mr = 0 component is not affected by the SOC.
Rotation induces vortices. In the atomic BECs, the spin-up and
the spin-down component have to fill with each other in the
region of the vortices. A similar case occurs in the molecular
BECs with the vortices of the m = 0 component locating at
the center. The atom-molecule conversion forces the atomic
vortex of spin-up (spin-down) component to couple with two
molecular ones of mp = +1 (mp = —1) components, just like
that in the normal atomic-molecular BECs [51]. This leads to
the formation of the above vortices cluster.

Since our system includes the pseudo-spin-1/2 atomic
BECs and the spin-1 molecular BECs, there will be
spin textures coming from atomic BECs and molecu-
lar BECs, respectively. Thus, this mixed system will
show the interaction of the spin textures induced by
different hyperfine spin states. In pseudo-spin-1/2 BECs
and spin-1 BECs, the spin textures [50,52-54] are de-
fined by Sgtom — Zm,n:Ti l/f;,(ga)m,nl/fn/le and S;nolecule —

Y01 B (Fadmnn /1617, (o« = x,,2), where &, and F,
are the Pauli and spin-1 matrices, respectively. The spin
textures in the atomic BECs and molecular BECs are shown in
Figs. 2(c) and 2(d), respectively. In Fig. 2(c), the arrows form
a circle locating near the position (0,0). The arrows tend to
point down in the region y < 0 and to point up in the region
y > 0. Similarly, in Fig. 2(d), the arrows form two half circles
locating near the positions (0,—0.7) and (0,0.7), respectively.
Performing a transformation (S;,S;,,S;) =(S;,S,,-S,), one
can identify clearly a skyrmion [see Fig. 2(e)] and two
half-skyrmions [see Fig. 2(f)]. In the Supplemental Material
[55], we have proved that the transformation does not affect the
value of the topological charge Q [Q = -~ [ [ q(x,y)dxdy,
where g(x,y) =s- (£ x g—;), s = S/|S|]. Additionally, we
provide approximate solutions for the carbon-dioxide-like
skyrmion (see the Supplemental Material [55]). Figure 2(g) is a
combined schematic of a carbon-dioxide-like skyrmion, where
a skyrmion of atomic BECs couples with two half-skyrmions
of molecular BECs. Figure 2(h) shows the differences of spin
vectors between the atomic BECs and the molecular BECs
(y = 0). It indicates that the spin vectors of atomic BECs
and molecular BECs would tend to be parallel to each other,
except those at the region of the carbon-dioxide-like skyrmion.
Figures 2(i) and 2(j) show the topological charge density
q(x,y). The positions of vortices are pointed out to highlight
the relationship between skyrmion and vortices. We find that
the topological charge approaches —1 and —1! for the two

2
types of spin texture, respectively. The two zero points in
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the Fig. 2(j) further prove that we obtain two half-skyrmions.
Figure 2(k) shows the sum of topological charge density

[i~e~7 qsum ()C s y) = {atom (x s y) + qmolecule (x s y)] s which further
clearly indicates the carbon-dioxide-like structure.

D. The chain of carbon-dioxide-like skyrmion in the dual SOC
atomic-molecular BECs.

To fully show why SOC changes the spin textures, we
now further demonstrate the effect of the dual SOC on
the rotating atomic-molecular BECs in Fig. 3. We change
the initial chemical potential and final chemical potential to
be wm = 2pq = 3.5Um0 = Titao = 42iw. Figures 3(a), 3(c),
and 3(e) display densities of the atomic-molecular BECs
obtained for the equilibrium state at Qopion = 0.5w. Fig-
ures 3(b), 3(d), and 3(f) demonstrate the corresponding phases.
Without the dual SOC (A = 0), two atomic and three molecular
components of the BECs do not display the phase separation
[see Fig. 3(a)]. Yet there are a lot of vortices in each component,
and they can be identified by the phase image [see Fig. 3(b)].
However, adding the dual SOC (A = 1), the two components
of atomic BECs separate [see Fig. 3(c)]. The component
described by 1, mainly locates below the x axis, whereas
Y, mainly locates above the x axis. Similarly, the phase
separation also occurs in the molecular BECs. Because the
spin-up (spin-down) atoms can form the ¢ (¢_;) component,
the corresponding molecular BECs of ¢, ; (¢—;) also tends to
locate below (above) y = 0 axis. The ¢y component is spread
around the x direction and squeezed in the y direction, and the
area is filled with vortices. When the strength of the dual SOC
is up to A = 2, the phase separation becomes more obvious
[see Fig. 3(e)]. In fact, the phase separation does not take place
at all if the rotation is absent. Therefore, the combination of
dual SOC and rotation induces the phase separation in the
atomic-molecular BECs.

To detect the underlying relationship between the topologi-
cal excitations, Figures 3(g)—3(i) show the position of vortices,
where the results correspond to Figs. 3(a), 3(c), and 3(e),
respectively. Note that we do not indicate the vortices where the
densities of BECs are very low. In that case, the contribution of
energy and momentum to the system almost can be neglected.
Without the dual SOC [see Fig. 3(g)] five types of vortices
form certain clusters (a black rectangle shows an example).
The repulsion among vortices of each component forces them
to spread around the whole BECs, but they do not form a
regular lattice. At the same time, the repulsion among vortex
clusters also leads to the deformation of the clusters shown in
Fig. 3(g). In Fig. 3(h) (A = 1), a black rectangle shows some
regular structure of vortices occurring around the region along
the x axis. In fact, they are essentially vortex clusters which
degenerate into a line. The number of vortices in each column is
the same as that of the cluster in Fig. 2(a). The dual SOC leads
the vortices to occur along the x axis, but the repulsion among
vortices squeezes them to distribute in a line. Thus, several
lines of vortices form a 2D lattice. In the periphery of the lattice
there are the remaining vortex clusters. Outside the BECs,
the vortices fail to form the full vortex clusters, because the
phase separation causes some components to disappear locally.
When the strength of the dual SOC increases up to A = 2, the
structure of the vortices lattice [a black rectangle region in
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FIG. 3. The effect of dual SOC on the vortices in rotating atomic-molecular BECs. The rotation frequency iS Qsotation = 0.5, where
o = 200 x 27 Hz. We set the parameters g4 » = g4, = g4 With the scattering length ay = 101.8ap, g,,, = 0.95g4, gam = 0.584, g = 284,
8, =0.03g4,x =0.08,e =0,Q24 =0.8,and p,, =2, = 3.5m.0 = Tiao = 42hw. (a) Densities of each components under the equilibrium
state, the strength of dual SOC A = 0. Note that the components are pointed out by the title: |1), ||), mr = —1, mp =0, and mp = +1,
respectively. (b) The corresponding phases of each components in (a). [(c) and (d)] The corresponding densities and phases with A = 1. [(e)
and (f)] The corresponding densities and phases with A = 2. [(g) and (i)] The position of vortices in (a), (c), and (e), respectively. In (g), the
rectangle points out a vortex cluster. In (h), the rectangle points out the region where the vortices form a lattice. In (i), the red (blue) rectangle
marks out a carbon dioxide vortex, and the black rectangle points out the vortices lattice. The particles number (N4,N,,N_;,Nog,N,) for
the three cases are (5.82 x 10°,8.01 x 10°,4.96 x 10°,8.23 x 10%,4.93 x 10°), (7.86 x 10°,8.80 x 10°,7.95 x 10?,3.93 x 10?,7.85 x 10°%),
and (11.42 x 10%,12.29 x 10%,10.03 x 103,2.00 x 10?,10.04 x 10%), respectively. The unit of length, strength of x, ©24, and dual SOC are
0.76 pum, hiw, w, and 0.96 x 10~ m/s, respectively.
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Fig. 3(1)] differs from that in Fig. 3(h). Here each vortex of ¢
component tends to overlap with an atomic vortex. The vortex
number of ¢ | (¢—;) component decreases to 1 in each column.
The blue rectangle and the red rectangle in Fig. 3(i) indicate
that vortices form some carbon dioxide structures far from the
center of the vortex lattice (black rectangle). Above the black
rectangle, vortices in components of v, and ¢_; form the
carbon dioxide structure, whereas the atomic vortex situates
in the middle, and two molecular vortices locate at the two
sides symmetrically. Similarly, the carbon dioxide structure
of vortices in components of ¥4 and ¢, occurs below the
black rectangle. These results indicate that the strong dual SOC
deepens the phase separation. At the same time, it forces the
vortices cluster to transform into the lattice around the x axis
and even into the carbon dioxide structures in the remaining
regions.

We now discuss the effect of the dual SOC on the spin
textures. Figures 4(a) and 4(d) show the spin textures in atomic
BECs and molecular BECs without dual SOC (A = 0), respec-
tively. The topological charge density in Fig. 5(a) [Fig. 5(d)]
shows that they are skyrmions (half-skyrmions) with 0 = —1
(Q=- %). The position of vortices proves that the skyrmions
(half-skyrmions) originate from the vortices dipole of atomic
BECs (the three vortices structure of molecular BECs). The
sum of topological charge density in Fig. 5(g) indicates that the
skyrmion of atomic BECs and the half-skyrmion of molecular
BECs form the carbon dioxide structure, which is marked by
the blue ellipses.

The dual SOC can redistribute the carbon-dioxide-like
skyrmions in the atomic-molecular BECs. For A = 1, we also
obtain some skyrmions and half-skyrmions in the atomic BECs
and molecular BECs, respectively. Due to the phase separation
caused by the dual SOC and rotation, some skyrmions are
forced to distribute along the x axis in Fig. 4(b). Similarly,
some half-skyrmions distribute parallel along the x axis in
Fig. 4(e). The topological charge density in Figs. 5(b), 5(e),
and 5(h) shows the carbon-dioxide-like skyrmions distribute
into a line along the x axis. In other words, the dual SOC
induces a chain of carbon-dioxide-like skyrmions.

The strong dual SOC can even redesign the spin excitations
of the textures. When the strength of the dual SOC A reaches
2, the skyrmion can occur in the atomic BECs [see Figs. 4(c)
and 5(c)]. The skyrmion along the x axis is induced by
the vortices dipole, but the skyrmion away from the x axis
is induced by a single vortex. In the molecular BECs, the
half-skyrmion is induced by a single vortex of ¢_; component
in the region of y > 1.5 [see Figs. 4(f) and 5(f)]. The
sum of the topological charge density in Fig. 5(i) further
proves that the carbon-dioxide-like skyrmion indeed occurs
in the region of y > 1.5 and y < —1.5. Along the x axis
(between the black lines), the spin texture transforms into a
structure with a fractional topological charge. This structure
is not constructed by the normal half-skyrmion because the
singular points in the topological charge densities disappear.
Therefore, the extremely strong dual SOC can destroy the
half-skyrmion excitations in the original chain of carbon-
dioxide-like skyrmions.

Why do the carbon-dioxide-like skyrmions form only one
chain? Initially, the atomic-molecular BECs are miscible.
Under combined interaction of the rotation and dual SOC, the
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phase separation occurs. Around the domain wall, the energy
of interaction is lower than that in other parts. Thus, the vortices
and the corresponding skyrmions tend to distribute along the
domain wall to form the ordered structure. Meanwhile, there
is only one domain wall formed when the BECs separate.
Therefore, there are no vortices lattices or a chain of carbon-
dioxide-like skyrmions in other parts of the BECs.

E. Chern number indicates that spin-orbit coupling induces
topological excitations in high-|k| region

Chern number is one of the most canonical topological
invariant characterizations. The topological properties can be
understood in terms of the Chern number [56] in k space,
which is defined as

1 2
Cs = — Asd’k,
2mi

As = i({O,us|Ok,us) — (O, us|O,us)), )

where A; is the Berry curvature and us = @Eli—gi with the
k-space occupied state ¢(k,5). Because BECs are described by
the macroscopic wave functions of the lowest energy, § only
denotes the corresponding ground states. Here we consider
the five components of the spin-dependent atomic-molecular
BEC:s. For example, the k-space occupied state of the ¢, (m =
—1,0,1) component is ¢(k,8), where ¢p(k,8) = FFT (p,,). We
use the ¢(k,5) of each component to obtain the corresponding
Berry curvature and Chern number.

Figures 6(a)-6(c) show the values of Chern number as

|k| increases, where |k| = /k)% + ki. These figures correspond

to the three cases in Fig. 4. The ladderlike changes of the
Chern number mean the variation of the number of topological
excitations in k space as the integral radius increases. The
platform denotes that there is no change as |k| varies. Finally,
the Chern number tends to be some invariants up to 10 or
more as |k| is large enough. The topological properties of the
system in Figs. 6(a)—6(c) differ considerably from each other
because the final Chern numbers which imply the number
of topological excitations in k space differ. Additionally, the
bottom inset in Fig. 6(a) is A;/i in k space, where A, is
the Berry curvature of v4. Obviously, most of its value is
0, except some points whose values are up to thousands.
These points almost are discretely and equally distributed
around the position (0,0). Thus, the topological excitations
have different momentums in k space. This phenomenon is
easy to be understood because the topological excitations tend
to occur with the momentum as low as possible. Meanwhile,
the topological excitations also have a nonzero size and have
the interaction with each other in k space, which lead to the
discrete distribution. When SOC increases to A = 1, the points
almost separate into two parts. One part is in k, > 0.5 and the
otherisink, < —0.5, while there is no points around the region
of k, axis. The number of points in the region of k, < —0.5
is much more than that in the region of k, > 0.5 [see the inset
in Fig. 6(b)]. This indicates that the topological excitations
with k, around O are restrained by SOC. And they have to get
a higher momentum of k,. Thus, the topological excitations
have to get together along the x direction. This is a main reason
for the creation of topological spin textures’s chain in Figs. 4
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FIG. 4. The effect of SO coupling on the spin texture in the atomic-molecular BECs. [(a)—(c)] The corresponding spin textures of atomic
BECs in Figs. 3(a), 3(c), and 3(e), respectively. [(d)—(f)] The corresponding spin textures of molecular BECs in Fig. 3(a), 3(c), and 3(e),
respectively. Note that the spin textures are under the transformation: (S;,S;,S'Z) =(S..S,,—S;). The color of each arrow indicates the
magnitude of S;. The blue ellipses point out the regions of the carbon-dioxide-type skyrmion that skyrmion of atomic BECs couples two
half-skyrmion of molecular BECs. In addition, we mark the position of vortices in order to illuminate the relationship between spin texture and
position of vortices clearly. The meanings of the marks are the same as that in Figs. 3(g)-3(i). The unit of length, strength of x, 24, and SO
coupling are 0.76 pum, /iw, @, and 0.96 x 1073 m/s, respectively.

and 5. Therefore, SOC changes the properties of topological We can define three parameters K, K,,, and K, to char-
excitations according to the momentum. When SOC is up to acterize the properties of topological excitations represented
A = 2, almost all the points are in the region of k, > 1.5 [see by Chern number. K, is the average position of the first hop
the inset in Fig. 6(c)]. In this case, the topological spin textures of Chern number in atomic BECs with ¥y and . Similarly,
form a more serried chain. K, is that in molecular BECs with ¢, and ¢_;, and K,
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©,

FIG. 5. The topological charge density of spin textures in SO coupled atomic-molecular BECs. [(a)—(c)] The corresponding topological
charge density in Fig. 4(a)—4(c), respectively. [(d)—(f)] The corresponding topological charge density in Figs. 4(d)—4(f), respectively. In addition,
we mark the position of vortices in x < 0 region in order to illuminate the relationship between spin texture and position of vortices clearly.
The meanings of the marks are the same as that in Figs. 3(g)-3(i). [(g)-(i)] The total topological charge density of (a) and (d), (b) and (e),
and (c) and (f), respectively. We use the blue ellipses to point out the regions of the carbon-dioxide-type skyrmion. The unit of length and SO

coupling are 0.76 um and 0.96 x 10~ m/s, respectively.

is the minimum value of the first hop of the Chern number
in the whole atomic-molecular BECs. Comparing these three
cases, we find that the values of K, (K,,, Knmin) are the largest
in Fig. 6(c), the middle in Fig. 6(b), and the least in Fig. 6(a)
(see the top inset). These phenomena further show that SOC
forces the Chern number to be induced in the high-|k| region
and restrain it in the low-|k| region.

Figure 6(d) shows the value of Chern number as a function
of SOC. SOC changes the topological properties of the whole
system because the values of Chern number depend on it.
SOC would finally restrict the Chern number when SOC is
strong enough, but SOC can not restrict its value to be zero

completely. We also examine the value of (C(k) x k?) in
Fig. 6(e) and (C(k) x k?)/(C(k)) in Fig. 6(f). (C(k) x k?)
implies the total properties of energy of all topological
excitations in the system, while (C(k) x k?)/(C(k)) implies
the average properties. Figure 6(f) shows that the value of
(C(k) x k?)/(C(k)) tends to become larger as SOC increases.
Thus, the topological excitations which are characterized by
the Chern number should be induced in the high-|k| region.
Therefore, SOC plays a role in changing energy of the topo-
logical excitations. With the application of SOC, we can have
the separated carbon-dioxide-like skyrmions construct as the
chain, whose energy is obviously much higher than the former.

023624-9



CHAO-FEI LIU, GEDIMINAS JUZELIUNAS, AND W. M. LIU

PHYSICAL REVIEW A 95, 023624 (2017)

Chern Number |

Chern Number

FIG. 6. Chern number verifying the high-|k| topological excitations in the dual SOC atomic-molecular BECs. [(a)—(c)] Chern number in k
space of atomic-molecular BECs in Figs. 3(a), 3(c), and 3(e), respectively. The top inset in Fig. 6(a) is a local enlargement. The red dotted line
and the red arrow indicate the minimum value K.y, for the first hop as |k| increases. The black dotted line and black arrow show the first hop
of average position K, in atomic BECs of v, and . Similarly, the blue dotted line and blue arrow show the first hop of average value K,
in molecular BECs of ¢, and ¢_;. The bottom inset in Fig. 6(a) is A;/i under A = 0, where A; is the Berry curvature of ;. Similarly, the
inset in Fig. 6(b) is A;/i under A = 1. The inset in Fig. 6(c) is A_;/i under A = 2. (d) Chern number as function of strength of SOC A. (e)
(C(k) x k?) as function of strength of SOC A. (f) (C(k) x k?)/(C(k)) as function of strength of SOC A.

F. Phase diagram of the topological spin textures
in the spin-orbit coupled atomic-molecular BECs

Figure 7 plots the phase diagrams of the SOC atomic-
molecular BECs with various products in our numerical
simulations. In Fig. 7(a), there is no skyrmion excitations
when the rotation frequency is very low (see the red region).
The white region shows the occurrence of only a single carbon-
dioxide-like skyrmion. As long as the rotation frequency is not
too low, the skyrmion excitations appear. The induced carbon-
dioxide-like skyrmions are separated when SOC is very weak
(see the magenta region). At the yellow region, we can obtain
the chain formed by carbon-dioxide-like skyrmions across the
BEC:s. If SOC is strong enough (see the green region), then the
half-skyrmions attached to the center skyrmion chain would
be destroyed.

We further examine the effect of the interaction g,,, on the
products with a fixed rotation frequency Qsotation = 0.5 in
Fig. 7(b). Similarly, as its strength increases, SOC can make
the products be separated carbon-dioxide-like skyrmion (see

the magenta region), the carbon-dioxide-like skyrmion chain
(see the yellow region), and the destroyed half-skyrmions (see
the green region), respectively. However, if g,,,/g, is larger
than 1.1, then the phase separation destroys the combinations
among the topological excitations. So we only obtain the
separated skyrmions and half-skyrmions.

II. DISCUSSION

First, we discuss the feasibility of our schematic. For
creating molecule BEC, some previous studies [57-59] have
shown that direct conversion via Raman photoassociation
[3-8] is feasible. Under this mechanism, the pairs of atoms
from the two-atom continuum of the ground electronic
potential are transferred via an excited bound molecular
state to a bound molecular state of a lower energy in the
ground potential. Raman photoassociation allows coupling
to a single molecular state, which can be selected by the
Raman laser frequencies. However, practical estimates using
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FIG. 7. Phase diagram of topological spin textures in the dual SOC atomic-molecular BECs. (a) Ration frequency-SOC (Q2otation — A)
phase diagram for the products. We set the parameters w = 200 x 27 Hz, x = 0.03, Q4 = 0.8, g4+ = g1,, = g4 with the scattering length
as = 101.8ag, g,,, =0.9584, 82 = 284, & = 0.03g4, gam = 0.5g4, ¢ =0and w,, =2, = 3.5 = Tiao = 28/iw. (b) Atom-molecule
interaction-SOC [(gam/g4) — A] phase diagram for the products. We set the parameters w = 200 x 27 Hz, x =0.03,Q24 =0.8,81+ = g1, =
g4 with the scattering length a4, = 101.8ap, g, | = 0.95g4, 8, = 284, g = 0.03g4, € =0, and p,, = 2ty = 3.5m,0 = Tia,0 = 28hw. The
unit of length, strength of x, 4, and SOC are 0.76 um, Ziw, w, and 0.96 x 103 m/s, respectively.

available lasers and transitions indicate that coherent transfer
may be limited by spontaneous emission from the intermediate
molecular excited electronic state. In addition, realistic anal-
ysis and experimental implementations indicate that the loss
processes due to inelastic atom-molecule collisions occur at a
significant rate [60—62]. How do we solve the problems com-
ing from spontaneous emission and inelastic atom-molecule
collisions? A possible route towards minimizing losses and
decoherence from spontaneous emission in photoassociation
is the stimulated Raman adiabatic passage [62,63], in which a
counterintuitive pulse sequence is used, where the first input
pulse couples the molecular levels even when there are no
molecules present. In this situation, a dark superposition state
is formed, due to interference effects between the atomic
and molecular electronic ground states. This minimizes the
probability of a real transition to the molecular excited state
and hence reduces spontaneous emission.

We now give an outlook for the future experiment about
atomic-molecular BECs. In this study, our schematic has only
shown a possible method for the creation of dual SOC atomic-
molecular BECs. In the real experiments, the realization of
dual SOC atomic-molecular BECs would be affected by lots
of factors such as spontaneous Raman scattering by molecules
[60-62], the inelastic collision channels between atoms and
molecules [4], heating due to spontaneous scattering, some
undesired light shifts [4,6], and inhomogenous detuning of the
laser fields. In this work, we do not solve all the problems, but
we attempt to give an outlook for future work, which would
guide the interested researchers. It includes the following items
for BECs’ experiments as follows:

(i) Although coherent coupling between the atomic and
molecular BEC has been realized in experiment [4,5], whether
a coherent atomic-molecular dressed state can be sustained
needs experimental verification.

(ii) Rotationally or vibrationally inelastic atom-molecule
collisions may exist in this system [4]. How to solve inelastic
collision channels between atoms and molecules is an impor-
tant question.

(iii) It is well known that heating due to spontaneous
scattering is already a serious limitation on SOC with atomic
BECs involving two lasers [10-15]. How to solve heating due
to spontaneous scattering is a very common question in future
works.

(iv) The (elastic) scatterings [3] are unlikely to be all
equal, and it likely that this will have a significant impact
on miscibility of the components. How do the scattering
properties affect the SOC effect?

(v) Light shifts will greatly affect the characterizing equa-
tions [4,6]. How do we avoid some undesired light shifts when
there are lots of lasers in the experiments?

(vi) When the two-photon linewidths are small, mean-field
shifts [64] would cause spatially inhomogenous detuning of
the laser fields. How do we avoid this effect?

Solutions to these potential issues could dramatically
improve our current experimental techniques for ultracold
atoms and molecules.

In the Supplemental Material [55], we further prove that
Raman coupling enhances the creation of carbon-dioxide-like
skyrmion and chain (see Figs. S1, S2, S3, S4, and S5 in
the Supplemental Material [55]). The case in Fig. 4(a) of
single Raman coupling without dual SOC would be realized
by lasers with the same direction. It is impossible to only
hold the Raman coupling but neglect the dual SOC with the
counterpropagating Raman lasers. If the counterpropagating
Raman lasers are turned off, i.e., both Raman coupling
and dual SOC are terminated, the carbon-dioxide-like
skyrmions and the chain do not occur in the rotating
atomic-molecular BECs, although the superchemistry
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effect is considered (see Figs. S6 in the Supplemental
Material [55]). Furthermore, there are no nontrivial spin
texture excitations if the rotation frequency decreases to zero.
Due to the dependence of the spin-dependent photoassociation
and Raman lasers, carbon-dioxide-like skyrmions and the
chain are the special phenomena that exist in the rotating
dual SOC atomic-molecular BECs with hyperfine spin
states.

In this study, we have found that the SOC atom-molecular
BEC:s support large Chern numbers up to 10 or more. We have
used the Chern number to analyze the effect of SOC on the
topological excitations in atomic-molecular BECs. On the one
hand, SOC would change the topological properties according
to the value of the Chern number. On the other hand, SOC could
effectively suppress the Chern number to be induced in the low-
|k| region and promote it to be induced in the high-|k| region.
This effect leads to the chainlike reconstruction of topological
spin textures. We have first considered the spin of atomic-
molecular BECs and given a proposal to create dual SOC in this
system. They are important challenges to extend scalar BEC
to spinor one and to extend atomic BECs to more complicated
atomic-molecular BECs. Similarly, our consideration realizes
another challenge to extend normal atomic-molecular BECs to
the spinor ones. This untouched system is a new platform for
producing SOC and discovering unconventional topological
excitations.

Half-skyrmion pairs in our study differ from meron-
antimeron ones, whose total topological charge is zero. It
is doubtful that the meron (half-skyrmion) pairs are induced
by vortices molecule because the topological charge density
shows only one center but not two for each meron pairs [50].
Additionally, if we plot the topological charge density with
the meron pairs’ solution in Ref. [50], we will obtain two
centers. One is positive, the other is negative, and the total
topological charge is zero. Thus, the solution in Ref. [50] does
not match with the properties of meron pairs. skyrmions are
often viewed as the ideal information carriers of great prospect
in future application via the creation and annihilation [1,2].
The carbon-dioxide-like skyrmion is the result of combining
the separated topological excitations to form a structural cell.
This property implies that if the carbon-dioxide-like skyrmions
can serve as information carriers [1,2], including the creation
and annihilation, their distribution in lines one by one, and the
combination and separation will demonstrate the potential for
information storage. Thus, the carbon-dioxide-like skyrmion
allows more complex control than normal skyrmion discussed
previously for information carriers.

In the real experiments, the carbon-dioxide-like skyrmion
would be identified by direct observation of the densities via a
time-of-flight absorption imaging technique [65—67], which
can measure the characteristics of the carbon-dioxide-like
skyrmion by means of corresponding quantum vortices. The
experiments should begin with a nearly pure ’Rb BEC of
approximately 3.0 x 10° or more atoms in the | f = 1,m; =
—1) state [10-15]. An initially off-resonant radio-frequency
magnetic field can be used to prepare equal mixtures of | f =
I,my=—1)and |f = 1,m; = 0). Then, the spin-dependent
photoassociation of atom [39,40] creates the molecules of
|F =2,mp =0,—1,-2), which are used to produce the
excited molecules of |F = 1,mr = 0,%£1) via the transition
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AF = —1and Amp = +1, and, finally, the excited molecules
degenerate to be the molecular BECs of |F = 1,mp = 0,%1)
[see Figs. 1(d)-1(f)]. At the same time, the counterpropagating
Raman lasers L3 and L4 (L5, L6, and L7) shown in Fig. 1 are
used to induce dual SOC for atomic (molecular) BECs [10-15].
Combining rotation effect and further cooling process, one
would obtain the dual SOC atomic-molecular BECs at the
equilibrium state. In this study, our results have shown that
the carbon-dioxide-like skyrmion is related either to vortices
cluster or to carbon-dioxide vortices. The vortex cluster
consists of two atomic vortices and six molecular vortices
[see the black rectangle in Fig. 4(g)]. Comparing with the
structure of vortices cluster, the structure of the carbon-dioxide
vortices is simpler [see the red and blue rectangles in Fig. 4(i)].
Therefore, one can apply a ballistic expansion (approximately
20 ms) of the BECs in a gradient magnetic field to separate
the different spin states [65—67]. Vortices will be imprinted by
ramping the magnetic field B, —> 0. After the structures of
vortices are measured, the carbon-dioxide-like skyrmion can
be identified.

In summary, we have constructed an experimental pro-
posal for creating dual SOC in atomic-molecular BECs by
combining the spin-dependent photoassociation and Raman
coupling. This type of dual SOC can force the Chern number
to be induced in the high-|k| region, which finally determines
the formation of the topological spin texture excitations.
Thus, we not only find that the SOC atomic-molecular
BECs support a novel composite topological excitation (the
carbon-dioxide-like skyrmion, whose topological charge is
—2) but also find that SOC can induce the carbon-dioxide-like
skyrmion to link to be polymer chain. This work opens a new
window to realize SOC in multicomponent ultracold gases
and manipulate complex nontrivial topological excitations in
future experiments.

ACKNOWLEDGMENTS

We thank P. Zhang and H. Jing for helpful discus-
sions. C.EL. is supported by the NSFC under Grants No.
11304130, No. 11365010, No. 61565007; the Jiangxi provin-
cial Department of Science and Technology (Grants No.
20151BAB212002 and No. 20162BCB23049) and the Jiangxi
provincial Department of Education (No. GJJ150685); and
the Program of Qingjiang Excellent Yong Talents, Jiangxi
University of Science and Technology. W.M.L. is supported
by the NKRDP under Grant No. 2016 YFA0301500; the NSFC
under Grants No. 11434015, No. 61227902, No. 61378017,
and No. KZ201610005011; SKLQOQOD under Grant No.
KF201403; and SPRPCAS under Grants No. XDB01020300
and No. XDB21030300.

APPENDIX

1. The equations of the spin-orbit coupling
atomic-molecular BECs

Experimentally, the equal-Rashba-Dresselhaus SOC can be
obtained by using the Raman-coupling of two hyperfine states
in the ground-state manifold of alkali atoms [10-15]. In that
case, the strength of the SOC depends on the wave vectors of
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the Raman lasers. On the other hand, the effective out-of-plane
(in-plane) Zeeman field is proportional to the Rabi frequency
of the Raman process, i.e., to the matrix element of the two-
photon coupling between a selected pair of atomic magnetic
sublevels of the ground-state manifold. It is well known that the
molecular BEC can be created by the Raman photoassociation
of atoms in a condensate [3-8]. With the spin-dependent
photoassociation [39,40], the hyperfine states of molecules
are related to those of the converted atoms. Furthermore, a
number of experiments have demonstrated a high degree of
control over the hyperfine state of ultracold molecules via
two-photon optical Raman transitions [39,40,68,69]. Here,
when considering the SOC in atomic-molecular BECs, we
are dealing with atoms characterized by two different internal
(quasispin) states, as well as molecules with three spin states
(F =1,mp =0,%1).

The SOC of atomic BECs can be generated by two addi-
tional Raman beams (wy3 and wr4) which couple the atomic
internal states |1) and ||). The single-atom Hamiltonian
induced by the Raman coupling is £24]1)({|e~%** + H.c.,
with €4 the atomic Raman coupling intensity. Furthermore,
Raman beams (w5, wrg, and w;7) couple different molec-
ular internal states |mp = 0,41) and lead to Hamilton-
ain (Imp = 0)(mp = —1|+ |mp = 1)(mp = 0)Qye™* +
H.c., with X the position of the mass center of the two atoms
and Qy = v2Q4.

To clearly illustrate effects of the SOC, we intro-
duce a unitary transformation Uy = €/°** and Uy =
> —ouy €M X mp = m)(mp = m| for the atomic states
and molecular states, respectively, with o, = [P) (M — 1) (-
Therefore, in the spin-rotated frame induced by a combined
transformation U = U, P* + Uy PM, the Hamiltonian is
H =UH'U', where H' is the Hamiltonian in the original
(unrotated) frame, P# and PM being the projection operators
onto the atomic and molecular states. A straightforward
calculation shows that, for the condensate in the d-dimensional
space (d = 1,2,3), in the second quantization we have

H = Hpr + Hyr + Hsoc + Hraman + Hay + H;.  (Al)

Here Hap =Y,y [ ViI-H2V3/@M4) + Maw?r?/2]
Ju()d7  and  Hyp = Y,,_o 1 [ Sm(PI-H2V3/(4M,) +
Maw*r® + & + Ms22m?1¢,,(F)dF are the free Hamiltonians
for atoms and molecules, respectively, where M, is the
single-atom mass, w is the trapping frequency, & is the
difference between the binding energy to the two-atom
molecule and the frequency difference of the two laser beams
which induce atom-molecule coupling, the factor A is defined
as A = k, /M, the operator IpATa(F) (a =1, |) is the creation
operator for a single atom at position 7 with internal state
la), and qS,T,,(F) (m = 0,£1) is the creation operator for a
single molecular at position 7 with internal state |[mp = m).
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In Eq. (A1) the SOC is described by
Hsoc = X / Pl (=ind )i (F)dF
—1 / 0| () (—ihd )T, (F)dF
+2 f Bl () (—ihd )i (7)dF
— % / OL () (—ihd )G (F)dF.
The Raman coupling between internal states is described by
Hyaman = Q4 / PP, (F)dF + Qu / 1 (P)do(7)dF
+Quy / dLHP_1(F)dF + H.c.
The laser-induced atom-molecule transition is described by
Hay = x f AP DPFE /N2 + P (P, (7)
+90, ()P F)/vV2 + Hell.

In our system the interparticle interaction is described by H;
in Eq. (Al), and we have H; = Ups + Uay + Uy Here
Uar = Y.y 8aa [ dFUSEX PR /2 + g1y [ AP ]

Y i(?)l/} () describes the atom-atom collision, Uay =
Yaty Yomeo.s1 Gam [ AFPAE) b ()b (F)Pa(F)  describes
the atom-molecule collision, and Uy, describes the
molecule-molecule collision. In the usual case the collisions
between molecules with different internal states are quite
complicated. Here, for simplicity, we assume in our system
the scattering of three-component molecules has the same
property as the scattering of F =1 atoms [70,71], i.e., the
scattering amplitude is totally determined by the total spin of
the two molecules. In that case, we have

Uiy = Y / d?[g—;éimﬁ;,(F)émm«ﬁm(?)}

m,m’'=0,x1

+ Y Y d?[%éﬁ(?)&i(?)

oa=x,y,z m,n,k,[=0+1

X (Fa)nm(Fa)qu,Sm(;:)d;l(?)i| .

In this way, we obtain the coupled equations of the atomic-
molecular BECs with dual SOC. It can be written as

D gralVa®+ D grmldnl® |

a=1,] m=0,%1

(A2)
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Y srdValP+ D gumlenl® vy

a="1,] m=0,%1

(A3)

Y7 + (e + MarD)par + Apedpir + v21Qado

D il +8n D 1dnl® |¢11 + &b + [dol* — [$-11))p11 + 6™ Podo, (A4)

a=1,| m=0,%+1
ih% = [—'gj M“;" 2r2}¢0+xlﬁ¢¢¢ + e + V2Qu(hs1 + b 1)
1 D gaolval> +8n D 1wl |0+ bs1 > + [¢-11))o + 28,0 1161, (AS)
a=1.] m=0,+1
ih 3<§t_1 = [—Zj;j MM;)2r21|¢—1 + %1% + (e + MaX)$_1 — Apetp_1 + V2iQado

D ge il 2w Y 16nl® | ¢t + llpal” + g0l — 1611p-1 + g7 Pobo- (A6)

a="1,] m=0,%1
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