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Abelian and non-Abelian quantum geometric tensor
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We propose a generalized quantum geometric tenor to understand topological quantum phase transitions,
which can be defined on the parameter space with the adiabatic evolution of a quantum many-body system.
The generalized quantum geometric tenor contains two different local measurements, the non-Abelian Rie-
mannian metric and the non-Abelian Berry curvature, which are recognized as two natural geometric charac-
terizations for the change in the ground-state properties when the parameter of the Hamiltonian varies. Our
results show the symmetry-breaking and topological quantum phase transitions can be understood as the
singular behavior of the local and topological properties of the quantum geometric tenor in the thermodynamic

limit.
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I. INTRODUCTION

Quantum phase transitions (QPTs) are characterized by
the qualitative changes in the ground-state properties when
the parameter of a quantum many-body system varies. Dif-
ferent from classical phase transitions driven by the thermal
fluctuations, QPTs occur at zero temperature and thus are
driven entirely by the quantum fluctuations.! Traditionally,
phase transitions are understood in the Landau-Ginzburg-
Wilson paradigm with symmetry breaking and local order
parameter. However, it has been revealed that this paradigm
may not describe all possible orders and a new one topologi-
cal order’® needs to come into physics since the study of the
integer and fractional quantum-Hall states. Whereas the pre-
existent symmetry in the Hamiltonian is absent, the phases
can only be distinguished by certain topological invariants
associated with the robust degeneracies of the ground state
instead of any local order parameter. Historically, this was
first pointed out in the integer quantum-Hall state and the
corresponding topological invariant is recognized as the first
Chern number.>> Up to now, topological orders can be par-
tially described by a new set of quantum numbers, such as
ground-state degeneracy, quasiparticle fractional statistics,
edge states, and topological entropy.® However, the classifi-
cation of topological orders is still an open question.

More recently, the concept of quantum geometric tensor
(QGT) (Ref. 7) based on differential geometry has been in-
troduced to analyze continuous QPTs.®? In this framework,
the two approaches of the ground-state Berry phase and fi-
delity to witness QPTs are unified. It is shown that the un-
derlying mechanism is the singular behavior of the QGT in
the vicinity of the critical points. Specially, the real part of
the QGT is a Riemannian metric defined over the parameter
manifold while the imaginary part is the Berry curvature
which flux give rise to the Berry phase. The Riemannian
metric is recognized as the leading term of the fidelity'®
which is the overlap of two ground states associated to in-
finitesimally close parameters. Generally, the Riemannian
metric will exhibit the divergent behavior in the quantum-
critical region in the thermodynamic limit. In the approach of
Berry phase, it was argued that a noncontractible ground-
state Berry phase in the loop over the parameter space is
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associated to QPTs.!! This fact indicates that the critical
points associated to the divergence of the Berry curvature in
the thermodynamic limit.'? Particularly, a scaling analysis of
this QGT in the vicinity of the critical points has been
performed.” So far, the approach of QGT has been applied to
detect the phases boundaries in various systems. '3

What is underlying physical mechanism which endow the
QGT with the Berry curvature and can it be extended to the
non-Abelian case? Whether the QGT could be extended to a
topological invariant and to distinguish the different topo-
logical phases not only the phases boundaries? In this paper,
we present an adiabatic origin for the QGT and show a gen-
eralized non-Abelian QGT will naturally emerge from char-
acterizing the distance between two neighbor states in the
U(n) vector bundle induced by the quantum adiabatic evolu-
tion of the degenerate system. In addition to a non-Abelian
Riemannian metric as its symmetric part, the generalized
QGT has also been equipped with a non-Abelian Berry cur-
vature as its antisymmetric part. We demonstrate that this is
due to the reduction in the parallel transport of states with the
adiabatic evolution. Furthermore, we find its symmetric and
antisymmetric parts correspond to two different local geo-
metric measurements, which provide intrinsic characteriza-
tions for the change degree of the ground-state properties
when the parameter of the Hamiltonian varies. As a general
gauge covariant, the generalized QGT can be extended to the
topological invariants Chern numbers because its antisym-
metric part is just the instinct curvature tensor of the induced
fiber bundles. This approach may provide a single frame-
work to analyze a class of QPTs with topological orders.

II. ADIABATIC ORIGIN OF THE ABELIAN QUANTUM
GEOMETRIC TENSOR

Let us consider a family of parameter-dependent Hamil-
tonian {H(\)} for a quantum many-body system. We require
H(\) to depend smoothly on a set of parameters \
=(\',\?%,...) e M (M denotes the Hamiltonian parameters
base manifold) and act over the Hilbert space H(\). Espe-
cially, we are interested in the properties of the ground state
[Wo(N)) of the eigenvalue Ey(\). To begin with, we restrict
our discussion on the U(1) case for convenience. Therefore
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the eigenvalue Ey(N\) is required nondegenerate about all the
parameters over M, that is, the eigenspace Hp (N) of Eg(N)
is required to be one-dimensional. Now we associate each A
with a complex vector space HEO()\) and thus forms a U(1)
line bundle. For the ground-state energy Ey(\), the subspace
Hg,(N) = Span{|(\))}, where |¢)5(N)) is a complete ortho-
normal basis. In this basis, the ground state can be written as

[¥o(N) = CON)| (V). (1)

Obviously, the choice of basis is quite arbitrary and the com-
ponent C(\) (JC(\)|*=1) of the ground state |W(\)) in dif-
ferent basis is related by a U(1) local gauge transformation.
Consider the distance between two neighbor states over the
parameters base manifold M, we have dS:=|¥y(A+5N)
—W,(N)|, which can be expanded to

= 2 (9, ¥o(N AN 3,9 dN"(M)), (2)

v

where d,Wy(N):=dW(N)/IN". By using Eq. (1), the term
|9, \Ifo()\)> can be expanded as |3, W(N)=d,C(N)-|¢h(N))
+C()\)|(? Yo(\)). Note that the term C()\)|(?#¢0()\)) will
generally be mapped out of the subspace HE (\). Therefore
we introduce the subspace Hp, (\) pI‘O]eCtIOIl operator P(\)

=]\ hy(N)| and the complete projection operator 1.
Then we have

|9,¥6(\) = [3,LON) [ (M) + CONP(N)[3, (M) ] + CV[1
= PMN|d,80(N).- 3)

Now we introduce the quantum adiabatic evolution to the
system and suppose that the dim H, (A) does not depend on
the parameter N, and particularly, demand that during the
evolution of the system there are no level crossings. Under
the quantum adiabatic limit, the evolution of the ground state
|Wo(\)) e He, (M) to |Wo(N+6N)) e H,(\+N) will undergo
a parallel transport in the sense of Levi-Civita from A to \
+ O\ on the base manifold M. We have

D, ¥(\)) =0, (4)

where |D Wo(N)) denote the covariant derivative of
|Wo(\)) in the U(1) line bundle, which can be written in
the basis of {|gp(\))} as |D Wo(N)=3,C(N)-[¢h(N))

+C(N)-P(N)-|d,40(N)). Tt s clear that the term of
P(N)-|d,40(N)) play the role of connection. We have
P(N)- |(9#¢0()\)>—_1AM|¢0()\)> where the connection coeffi-
cients A, =:i(y|d,,4p) is just the Berry connection. Substi-
tuting Eqs. (3) and (4) to Eq. (2), we have
(3,360, 0))=(3, s 0|[1 PO ], (0)). Thus we

get a Hermitian metric tensor

This is the adiabatic origin of the Abelian quantum geometric
tensor. The Hermitian metric Q,,, defines a positive definite
symmetric Riemannian metric g,,:=(Q M,,+Q /2 [in the
U(1) case, g,,=RQ,,] and then the distance can be written
as
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=D g, ANPAN". (6)
U

We can also associate to Q,, a two form F
=2, F AN AdNY, where F/w =i(Q 0~ Q L) [in the U(1)
case, F,,=-230Q,,,], which is nothing but the Berry curva-
ture. Furthermore we can get the relation

1
Q/.wzg,uv_ _F/.LV' (7)

2

III. NON-ABELIAN QUANTUM GEOMETRIC
TENSOR

Here we point out that the QGT can be extended to a
more general case in which a non-Abelian QGT can be
naturally defined on the U(N) vector bundle induced by the
adiabatic development of the quantum degenerate system.
This approach is very similar to the U(1) case but now
the subspace HE (\) is a ND Hilbert space. For the ground
energy Ey(N), the eigenspace is Hp, (N) := Span{| ( )\))}

A ground state |\If0()\)>eHE (\) can be expanded as
[Wo(N)y== lC()\ ) (N)) and the wave function
[Ci(N), Cz()\) .,Cy(\)]" represented in different basis
is related by a U(N) local gauge transformation. The
distance between two neighbor states over M is dS®

=3, £d, ‘I’O()\)d)\"|z9\lfod)\"()\)> in which the term
|0, Wo(\)) can  be  decomposed as |3, ¥y(\))
=[D,Wo(0)+ =Y CON=POV]3, 000, where” POV

=@ 1|l/l]()\)><(//j()\)| is the projection operator and
ID Vo) =Z,3,C0N) - [(N)+C,(N) - P(N) - [d,4(N)) - de-
note the covariant derivative of |W(\)) in the U(n) vector
bundle.

Now let us introduce the quantum adiabatic evolution to
the degenerate system, therefore [D,W(\))=0, which means
the ground state |W(\)) changing to |¥y(A+A\)) along an
arbitrary path I'(\) on the parameter base manifold M will
undergo a parallel transport. Note that the term
PN 0,0, (N))y==iZL AL (N)), here Ay'=iCa| d,34,) is
known as the Wilczek-Zee connection, # which is a matrix
element of the non-Abelian gauge potential. By using the
above relations, we can derive the distance between two
neighbor states over M as

= 2 (9, Wo(N)aN{3,% od\V(N))

v
G

=>|(C C)0,u) ANFANY, (8)
mv Cn

where 0, is a N X N Hermitian matrix. We define this quan-
tity as the non-Abelian QGT. Its matrix element is given by

0= (3,51 = PN)]|d,4,(N)). ©)

Now we can derive the corresponding relation to Eq. (7) in

the non-Abelian case, i.e., Qlw 8uv— 2F w» Where g,
=(Q,,+0},)/2 and F,,=i(Q,,~0Q},). Now all the compo-
nents have been extended to the matrlx form, the symmetry
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and antisymmetry part correspond to the non-Abelian
Riemannian metric and non-Abelian Berry curvature, respec-
tively.

IV. GEOMETRIC CHARACTERIZATIONS OF GROUND-
STATE PROPERTIES

We say that a QPT occurs if the qualitative properties (no
matter local or topological) of the ground-state change when
the parameter of the Hamiltonian varies. However, it is hard
to give an explicit and general definition for in what degree a
change of the properties of the ground state should be re-
garded as a qualitative change. The concept of the QGT will
shed light on this problem. Note that dS represents the dis-
tance between two neighbor states located on N\ and N +d\ of
the Hamiltonian parameters base manifold. Obviously, the
quantity (AS/AN)? will be a good measurement about the
degree of the change in ground state respect to the change of
the parameter. By using Eq. (6) or (8), we have
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SPNON
)N O\

(10)

By the way, we would like to point out that the scalar ypg
:=limy, o AS?/AN? in the U(1) case provides a purely geo-
metric definition for the fidelity susceptibility."> Note that dS
is the distance in the orthocomplement space of the subspace
HEO()\) SO Xrs is clearly not an intrinsic geometric quantity
for the induced fiber bundles.

However, there still exist an intrinsic geometric measure-
ment. Consider the parallel transport of ground state around
a small loop on the parameter base manifold M, there gen-
erally exist a U(n) rotation of the ground state in the nD
internal subspace ig;,,="P expli$cA, AN, Where P
is the path-ordering operator and A, is the Wilczek-Zee con-
nection. In the first order approximation, we have
P explicA dN]=1+i2, F,,0"", where F,, is the non-
Abelian Berry curvature and o*” is the area element
dN*AdN” of the infinitesimal surface o, whose boundary is

FIG. 1. (Color online) (a) The trace of the Riemannian metric ¢ as a function of the k,, k,, in which the parameter m=0, (b) m=2, (c)
m=-2, (d) the Berry curvature F as a function of the k,, ky, in which the parameter m=0, (e) m=2, and (f) m=-2.
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the curve C. Now we can define a local geometric measure-
ment depend on A € M as follows:

”Pexplij Aﬂd)\"] -
c

RS
lim =D F . (11)

70 o e “an " oan

Note that the above definition is equivalent to (¥gi,u
= nnitial) zﬂ;,:itial(r‘l with 0— 0, which is the measurement of
the intensity of relative change in the state along a infinitesi-
mal loop. In compare to Eq. (10), this is purely an instinct
definition. We find that the non-Abelian QGT make a unifi-
cation of the above two approaches through the relation
0,v=8,,—1F,,/2. Note that the 1nst1nct curvature of the in-
duced fiber bundles F=i(0 0~ ) can be naturally asso-
ciated to the topological 1nvar1ant Chern numbers, i.e., the
first Chern number can be calculated as

i
C = P fM (Quu— QL )AN* A dN". (12)

Historically, a two-band model with a nonzero Chern
number was first proposed as by Haldane,'® which was a
honeycomb lattice model with imaginary next-nearest-
neighbor hopping. Haldane find the two different symmetries
breaking about the space reflection and the time reversal can
be classified by the Chern numbers which reflect the topol-
ogy of the ground state.'” Recently, Hatsugai'® proposed a
non-Abelian Chern number for a ground state multiplet with
a possible degeneracy and found the system to be a topologi-
cal insulator when the energies of the multiplet are well sepa-
rated from the above.

Here we choose a two-band model as an example because
it is one of the simplest models that exhibit the topological
nontrivial states. This model was first introduced by Qi'® and
can be physically realized in Hg;_Mn,Te/Cd;_Mn,Te
quantum wells with a proper amount of Mn spin
polarization.’® The system under consideration is a two-
dimensional (2D) lattice model on a two torus 72. The
Hamiltonian is  generally given by H(k)=¢g(k)1
+23a=1da(k)0“, where 1 is the 2 X2 identity matrix and o
the three Pauli matrix. The diagonalization of H(k) is
straightforward and the eigenvalues can be written as
E.(k)=e(k) = \'23 1dz(k) and eigenvectors as W,
=(cos 0/2,e'® sin H/Z)T and W_=(-sin 0/2,¢'® cos 0/2)T
where  @=arccos d3(k)/\d2(k)+d2(k)+d2(k) and &
=arctan d,(k)/ \dz(k)+d2(k) In this model, the coefficients
are given by e(k)=0, d,=sink,, d,=sink,, and di=m
+cos k,+cos k,. In the thermodynamic limit, the fiber
can be chosen as the single-particle wave function and the
base manifold is the 2D momentum space k=(k,,k,). Then
QGT can be obtained by substituting WV_ into Eq. (5), we
have  Q,,=(0;,00;,0+ 9,3, P sin® 0)/4+i sin 6(3;, Py, 0
=y ®3J;,0)/4. The corresponding Riemannian metric and
Berry curvature can be obtained by using the relation
guy=NR0,, and F,,=-23Q,,, we have gxy—(&kxﬁ&k)ﬂ
+ 0, D3y, P sin® 6)/ 4 and Fy==sin 0(d;, P30

&k,,CD(?kxﬁ)/ 2. We now analyze the behav10r of the Rie-
mannian metric g,, and Berry curvature F,, when the pa-
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FIG. 2. (Color online) (a) Integrate out k,, k, of the Riemannian
metric g as a function of m and (b) the first Chern number c1 as a
function of m.

rameter m is varied. The numerical results are presented in
Fig. 1, in which the divergence behavior are shown either in
g or F,, at some region in k space when the parameter m
takes the values of —2, 0, 2. This indicate a vanishing energy
gap. The critical points can be clear shown through integrat-
ing out k,, k, of the Riemannian metric g,,(m). As shown in
Fig. 2(a), we can see clearly a crown shape curve with three
divergent points at m=-2, m=0, and m=2, respectively. In
order to distinguish the different topological phases, we can
calculate the topological invariant by using Eq. (12)

1 if -2<m<0
Ci=\-1 if 0<m<2 (13)
0 otherwise,

which is the first Chern number of the induced U(1) line
bundle. The phase diagram is plotted in Fig. 2(b).

V. CONCLUSIONS

We have presented an adiabatic origin for the generalized
QGT and shown a non-Abelian QGT can naturally emerge
from measuring the distance between two neighbor states in
the U(N) vector bundle induced by the adiabatic evolution of
the quantum degenerate system. In addition, we introduced
two different local geometric measurements based on an in-
tuitive physical picture, i.e., limy, .o AS?/AN> and
lim,,_ [P exp(ifA,d\*)=1]/ 0 to characterize the change
degree of the ground-state when the parameter varies. As the
main results of this work, we demonstrated the two different
measurements can be unified in the generalized non-Abelian
QGT as its symmetric and antisymmetric parts, respectively.
We showed the symmetry-breaking QPTs and a class of to-
pological QPTs can be understood as the singular behavior of
the local and topological properties of the QGT in the ther-
modynamic limit. This approach shed light on constructing a
single framework to analyze QPTs with topological orders.

Note added. After this manuscript has been submitted, we
noticed that a related work appeared,?' which similarly stud-
ies the geometry of quantum adiabatic evolution and gener-
alized the treatments of the quantum geometric tensor to al-
low for degeneracy.
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