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A quantitative model describing the nucleation, energy, and diffusion restraints in reshaping of Ni nanoparticles as a catalyst of carbon nanotubes is developed by introducing the size-dependent thermodynamic quantities in the classical nucleation theory and the diffusion laws. The result from our model calculations is in good
agreement with that of the latest time-resolved, high-resolution in situ transmission electron microscope observation. A new catalytic nanotube growth mechanism is proposed: the growth of a carbon nanotube coupled
to the reshaping of the catalyst.
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I. INTRODUCTION

Over the past few years, the study of fabrication and formation mechanisms of carbon nanotubes has attracted great
attention due to their intriguing properties and application
potential.1–11 It was found that the original size and mobility
of the catalyst can significantly affect the formation and configuration of carbon nanotubes and other kinds of nanotubes
or nanowires.1–11 Various theoretical models of nanotube
growth have been suggested,7–11 and the different approaches, e.g., molecular dynamics7,10,11 or classic
thermodynamics,8,9 were employed. Two common growth
modes are the root growth and the tip growth. In the root or
extrusion growth mechanism, the catalyst particles attach to
the substrate. The carbon atoms deposit on the catalyst surface and the nanotube stem grows out from the catalyst. The
new carbon atoms push the already grown segment upward,
i.e., bottom-up growth.4,5,7,10 The tip-growth mechanism describes the process that the catalysts detach from the substrate, supersaturated carbon atoms separate from the catalyst, and the nanotube grows up-down.3,4,8,10 However, there
are some growth phenomena that do not belong to any of the
above two categories,1,2 thus requiring a new theoretical explanation.
Recently, atomic-scale imaging of carbon nanofiber
growth was performed by time-resolved, high-resolution
in situ transmission electron microscope 共hereafter HRTEM兲
observations.1 The catalyst Ni particles of approximately
5 – 20 nm were formed initially, and then the smaller ones
elongate from the spherical particles into rods rapidly, with
the alignment of graphene sheets on the Ni surface into a
multi-layer tubular structure coupled to the reshaping of Ni.1
When the aspect ratio 共length-width兲 of Ni nanorods reaches
to about 4, the elongation ceases and the rods contract
abruptly into particles.1 The elongation and contraction scenarios continue in a periodic manner as the carbon nanotube
grows.1 This detailed knowledge about the growth of carbon
nanotubes differs from the root and tip growth mechanism,
providing an excellent opportunity for new theoretical study.
In this paper, a model describing the nucleation and reshaping thermodynamics and dynamics of Ni as a catalyst of
carbon nanofibers is proposed by introducing the size effect
of certain physical quantities within the classic nucleation
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theory and the diffusion laws. The results from the model
calculations are in good agreement with experimental findings. Since the reshaping of the Ni nanoparticle assists the
alignment of graphene layers into a tubular structure, the
model provides a theoretical background behind the carbon
nanotubes formation and might be useful to predict conditions for carbon nanotube formation. More importantly, the
model describes a new catalytic nanotube growth mechanism
corresponding to the experiments: the carbon nanotube
grows coupled to the reshaping of catalyst, different from the
known root growth and the tip growth. Note that the growth
of carbon nanotubes was studied from the point of view of
the catalyst in this work, not focusing on the evolvement
detail of the carbon structure itself as in the previous
models.7,8,10,11 The difference of our model from the classic
thermodynamic is the introduction of size effect of related
physical quantities, and also the model is simple compared to
the molecular dynamic method.
II. MODEL AND DISCUSSION
A. Size-dependent nucleation thermodynamics of catalyst Ni
particles

First, let us consider the formation of catalyst particles.
The total Gibbs free energy change G of the system during
the nucleation process includes the volume energy term and
the surface/interface energy term,12
G = − 共g/Vs兲d3/6 + d2␥sl .

共1兲

In the equation above, Vs is the molar volume of the crystal,
d is the size of the crystalline nucleus, and ␥sl is the solidliquid interface energy. g denotes the volume Gibbs free energy difference between the crystal and the liquid in the crystallization and is a function of the temperature T with the
following form,13
g = Hm共d兲 − TSm共d兲,

共2兲

in which Hm共d兲 and Sm共d兲 are the size-dependent melting
enthalpy and entropy, respectively. Note that the thermodynamic equilibrium state is considered here, thus melting enthalpy and entropy are equal to crystallization enthalpy and
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FIG. 1. The size- and temperature-dependent G function in
terms of Eq. 共1兲. Hmb = 17.47 KJ mol−1 共Ref. 17兲 in Eq. 共3兲,
Smb = Hmb / Tmb = 10.12 J mol−1 K−1
with Tmb = 1726 K.17 Vs
3
−1 17
18
= 6.59 cm mol , h = 0.2754 nm. The dotted lines is an aid to
the eye.

entropy, respectively. The only difference from the classical
expression is the size dependence in the enthalpy and entropy.
The earlier studies have shown that the melting temperature, melting enthalpy, and melting entropy of nanocrystals
decrease as the crystal size d reduces.14 The size-dependent
melting enthalpy Hm共d兲 is expressed as14

冉

− 2Smb/共3R兲
Hm共d兲
= exp
Hmb
d/d0 − 1

冊冉

1−

1
d/d0 − 1

冊

,

共3兲

where Hmb is bulk melting enthalpy and Smb = Hmb / Tmb is
bulk melting entropy with bulk melting temperature Tmb. R is
the ideal gas constant. d0 is the critical size at which almost
all atoms are at the crystal’s surface and is taken as 6h for
spherical particle with atomic diameter h.14 The sizedependent melting entropy Sm共d兲 is given by14
1
Sm共d兲
.
=1−
Smb
d/d0 − 1

共4兲

Note that Eqs. 共3兲 and 共4兲 have meaning only when
d ⬎ 2d0.14 The size of order 2d0 represents a length scale
characteristic for the crystallinity and is the limit of validity
of the model. When d ⬍ 2d0, the single size effect of thermodynamic quantities may not be sufficient to describe the
physical properties of so small-sized particles or clusters.
The size dependence of solid-liquid interface energy ␥sl in
Eq. 共1兲 has also been considered and is modeled by15

␥sl = ␥slb共1 − d0/d兲,

共5兲

where ␥slb = 2hSmbHmb / 共3VsR兲 is bulk solid-liquid interface
energy.16 Substituting Eqs. 共3兲 and 共4兲 into Eq. 共2兲, and then
substituting Eqs. 共2兲 and 共5兲 into Eq. 共1兲, the size-dependent
G is obtained.
The maximum of G corresponds to the minimum critical
nucleation size. Figure 1 shows that G reaches its maximum
at d = 4.2 nm for T = 773 K. Thus, the minimum Ni crystal
should be larger than 4.2 nm at this temperature, and the

stable crystal size is 5.8 nm where G = 0 and the larger ones
correspond to G ⬍ 0. This result agrees with the experimental
finding that particles with size of about 5 – 20 nm were obtained at T = 773 K.1 The nucleation size increases with enhancing temperature as shown in Fig. 1, consistent with our
general understanding on nucleation. When T = 973 K, the
stable size is about 7 nm and the larger ones corresponds to
G 艋 0, which is also consistent with the experimental proof
that the catalyst particles of around 10– 30 nm were obtained
at this temperature.2–4 Similarly, the nucleation of iron catalyst follows the same statistical rule.5,6
The above energetic consideration can be used to explain
the experimentally observed catalystic particle size and its
temperature dependence. The formation of catalyst nanoparticles is the first step in carbon nanofibers fabrication and the
size of the catalysts affects the diameter of the carbon nanotubes. With carbon atoms deposited on the surface of Ni
particles, the particles elongate into nanorods.
B. Reshaping thermodynamics from the Ni nanoparticles to
the Ni nanorods

The reshaping is observed at T = 813 K in the
experiment.1 According to the size-dependent melting temperature model,14 this temperature reaches about 67% of the
melting point of Ni nanocrystals with size 5 nm; the reshaping of Ni particles can proceed kinetically as long as the total
free energy decreases in the process.
The total free energy difference ⌬Gr between a Ni nanorod and a Ni particle is given by
⌬Gr = V⌬P + ␥⌬S,

共6兲

where ⌬P is a pressure difference between the nanorod 共P2兲
and the particle 共P1兲, and V = d31 / 6 = d22L2 / 4 is the volume
of the Ni particle and assumed to be constant with d1 being
the diameter of the particle, d2 and L2 being the diameter and
the length of the nanorod, respectively, and L2 = 2d31 / 共3d22兲.
According to the Laplace-Young equation,19 P1 = 4f / d1 and
P2 = 2f / d2 where f denotes the intrinsic surface stress of Ni,
⌬P = 2f共1 / d2 − 2 / d1兲. ␥ is the surface energy of Ni, ⌬S
stands for the surface area difference between the nanorod
共S2 = d22 / 2 + d2L2兲 and the particle 共S1 = d21兲, and
␥⌬S = ␥共d22 / 2 + d2L2 − d21兲. Let  = d1 / d2,
⌬Gr = d2关2fd22共 − 2兲/3 + ␥d2共1 + 43/3 − 22兲兴/2,
共7兲
where the surface stress f is calculated by15
f = 关共9␥slbh兲/共8兲兴1/2 .

共8兲

 = 1 / B is the compressibility of the crystal with volume
modulus B. Equation 共8兲 has been used to correctly determine the surface stresses, in agreement with the experimental
values.15 Considering the effect of graphene layers on the
surface of Ni, ␥ in Eq. 共7兲 is the interface energy between Ni
and the carbon layer, which is estimated as ␥sv / 3,9
␥sv = 2.38 J m−2 共Ref. 20兲 being the surface energy of freestanding Ni, thus ␥ = 0.793 J m−2. Note that the surface stress
is different from the surface energy, the reversible work per
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FIG. 2. d1- and d2-dependent ⌬Gr function in terms of Eq. 共7兲.
B = 177.3 GPa 共Ref. 21兲 in Eq. 共8兲. The dashed lines are an aid to
the eye.

unit area in the plastic deformation process,19 the stress reflects the reversible work in the elastic deformation,19 and
the influence of carbon shell is not obvious. Equation 共7兲 in
fact contains the elastic energy in reshaping through the surface stress.
According to Eq. 共7兲, given d1, the corresponding minimum d2 can be obtained by setting ⌬Gr = 0. When ⌬Gr ⬍ 0,
the Ni nanoparticle transforms its shape spontaneously from
the spherical one to a rod. ⌬Gr as a function of d1 and d2
determined by Eq. 共7兲 is shown in Fig. 2. For example, at
d1 = 5 nm, d2 = 2.7 nm from ⌬Gr = 0, which agrees with the
experimental result that the diameter of the Ni nanorods is
about 3 nm.1
Let  = L2 / d2 = 23 / 3, the length-width ratio of a nanorod.
Figure 3 shows the d1 and d2 dependences of . At
d2 = 2.7 nm, correspondingly d1 = 5 nm, L2 = 11.3 nm, and
 = 4.2 reaches the maximum aspect ratio of the rod.  is
almost a constant for different d1 with ⌬Gr = 0, which is consistent with the experimental result that the aspect ratio of Ni
nanorods is about 4.1 The ratio  = d1 / d2 with ⌬Gr = 0 is also
a constant of about 1.8, i.e., the maximum reduction of the
diameter of the rods is about half compared to the diameter
of the initial particles. Then the rods contract with increasing
diameters as the energy continues to decrease as shown in

FIG. 3. d1- and d2-dependent  function, the aspect ratio of the
rods. The dotted lines and the symbols are an aid to the eye.

Fig. 2. When d2 continues to increase up to the size of the
initial d1, the definition of the rod has lost meaning, thus the
present model is limited for that case. Although the rods
seem to be in a metastable state compared to the spherical or
the elliptical shape, they do actually exist,1,2 at least as an
intermediate state. From the thermodynamic point of view,
the competition between the volume energy induced by
stress and the surface energy through the interaction with
carbon atoms causes the reshaping of the catalyst. With the
reshaping of the Ni catalyst, carbon fibers form attached to
the Ni surface.
However, the experiment also shows that larger particles
may not elongate into rods, but tend to form a pear-like
shape.1,6 Therefore, only the energy consideration mentioned
above is not sufficient and an understanding of the particle
diffusion process becomes necessary.
C. Diffusion limit of atoms in reshaping of Ni

The experiment shows that the reshaping of Ni occurs in a
very short time,1 related to the rapid diffusion of Ni atoms.
Let L be diffusion length at time t, according to Fick’s second law,22
共9兲

L2 = Dt.

Based on the Arrhenius law, the temperature-dependent diffusion coefficient D is expressed as23
D = D0 exp关− Q/共RT兲兴.

共10兲

D0 is a preexponential constant; Q is the activation energy
and is proportional to the melting temperature of the
materials.24 Since the melting temperature is size dependent,
Q has a similar size dependence as follows,24

冉

Q = Qb exp

冊

− 2Smb/共3R兲
,
d/d0 − 1

共11兲

where Qb is the bulk activation energy. Substituting Eq. 共11兲
into Eq. 共10兲, and then substituting Eq. 共10兲 into Eq. 共9兲, the
diffusion length at a given time can be obtained.
Equations 共11兲 and 共10兲 indicate that the diffusive activation energy decreases and the diffusion coefficient increases
as the size of the nanocrystals reduces as shown in Fig. 4.
Namely, the atom diffusion is easier for smaller particles.
The faster migration of atoms in nanocrystals than in bulk
may be induced by the increase of the surface/volume ratio
where the surface atomic diffusion is faster due to the
smaller diffusion energy barrier.1 A recent study also showed
that heat conduction and diffusion in low-dimensional systems may be anomalous.26
On the other hand, Fig. 4 shows that the size dependence
of the ratio D / Db, Db = D0 exp关−Qb / 共RT兲兴 being the bulk
diffusion coefficient, decreases as the temperature increases
although D or Db itself increases with increasing temperature. This behavior is caused by decreasing of atomic diffusion difference between the nanocrystals and the corresponding bulk crystals with increasing temperature.
For the Ni particle of 5 nm, the activation energy is decreased by 33% compared with the bulk value according to
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tions show that the diffusion for particles of 10 nm tends to
be difficult, suggesting that the smaller catalyst particles are
essential for the formation of longer nanofibers in the coupling growth.
III. CONCLUSIONS

FIG. 4. The size- and temperature-dependent diffusion
coefficient ln共D / Db兲 in terms of Eqs. 共10兲 and 共11兲. Qb
= 284.24 KJ mol−1 共Ref. 25兲 in Eq. 共11兲. D0 = 1.9 cm2 s−1 共Ref. 25兲
in Eq. 共10兲.

Eq. 共11兲. This leads to an increase of six orders in the diffusion coefficient according to Eq. 共10兲 at T = 813 K, from
10−22 to 10−16 m2 s−1, due to the exponential dependence on
Q. Therefore, the diffusion length L per second 共t = 1 s兲
can reach 10 nm based on Eq. 共9兲, which is consistent with
the experimental result1 and the above prediction of
L2 = 11.3 nm based on the energetic consideration.
While for the Ni particle of 20 nm, the activation energy
decreases about 7% compared to the bulk value, and the
increase of the diffusion coefficient is not apparent 共see Fig.
4兲, D is about 2 ⫻ 10−21 m2 s−1. The diffusion length per second is only about 0.05 nm, which implies the larger particles
are not easy to transform into the rods or wires. The above
analysis agrees with the experimental results.1 Our calcula-
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