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Full counting statistics of electron transport is a powerful diagnostic tool for probing the nature of quantum
transport beyond what is obtainable from the average current or conductance measurement alone. In
particular, the non-Markovian dynamics of quantum dot molecule plays an important role in the
nonequilibrium electron tunneling processes. It is thus necessary to understand the non-Markovian full
counting statistics in a quantum dot molecule. Here we study the non-Markovian full counting statistics in
two typical quantum dot molecules, namely, serially coupled and side-coupled double quantum dots with
high quantum coherence in a certain parameter regime. We demonstrate that the non-Markovian effect
manifests itself through the quantum coherence of the quantum dot molecule system, and has a significant
impact on the full counting statistics in the high quantum-coherent quantum dot molecule system, which
depends on the coupling of the quantum dot molecule system with the source and drain electrodes. The
results indicated that the influence of the non-Markovian effect on the full counting statistics of electron
transport, which should be considered in a high quantum-coherent quantum dot molecule system, can
provide a better understanding of electron transport through quantum dot molecules.

attention both experimentally and theoretically because it can provide a deeper insight into the nature of

electron transport mechanisms, which cannot be obtained from the average current’'°. For instance, the
shot noise measurements can be used to probe the dynamical in an open double quantum dots (QDs)"', the
coherent coupling between serially coupled QDs", the evolution of the Kondo effect in a QD"?, and the conduc-
tion channels of quantum conductors'. In particular, shot noise characteristics can provide information about
the feature of the pseudospin Kondo effect in a laterally coupled double QDs", the spin accumulations in a
electron reservoir'®, and the charge fractionalization in the v = 2 quantum Hall edge'’. In addition, the degree of
entanglement of two electrons in the double QDs'", the dephasing rate in a closed QD", the internal level
structure of single molecule magnet®>*' can be characterized by the super-Poissonian shot noise.

On the other hand, the quantum coherence in coupled QD system, which is characterized by the off-diagonal
elements of the reduced density matrix of the QD system within the framework of the density matrix theory*,
plays an important role in the electron tunneling processes and has a significant influence on electron trans-
port*~**. In particular, theoretical studies have demonstrated that the high-order cumulants, e.g., the shot noise,
the skewness, are more sensitive to the quantum coherence than the average current in the different types of QD
systems'>**~** and the quantum coherence information in a side-coupled double QD system can be extracted
from the high-order current cumulants®. In fact, the non-Markovian dynamics of the QD system also plays an
important role in the non-equilibrium electron tunneling processes. However, the above studies on current noise
or FCS were mainly based on the different types of Markovian master equations. Although the influence of non-
Markovian effect on the long-time limit of the FCS in the QD systems has received some attention®**~*¢, how the
non-Markovian effect affects the FCS is still an open issue, especially the influence of the interplay between the
quantum coherence and non-Markovian effect on the long-time limit of the FCS has not yet been revealed.

The aim of this report is thus to derive a non-Markovian FCS formalism based on the exact time-convolution-
less (TCL) master equation and study the influences of the quantum coherence and non-Markovian effect on the
FCS in QD molecule systems. It is demonstrated that the non-Markovian effect manifests itself through the
quantum coherence of the considered QD molecule system, and has a significant impact on the FCS in the
high quantum-coherent QD molecule system, which depends on the coupling of the considered QD molecule
system with the incident and outgoing electrodes. Consequently, it is necessary to consider the influence of the

F ull counting statistics' (FCS) of electron transport through mesoscopic system has attracted considerable
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non-Markovian effect on the full counting statistics of electron trans-
port in a high quantum-coherent single-molecule system.

Results

We now study the influences of the quantum coherence and non-
Markovian effect on the FCS of electronic transport through the QD
molecule system. In order to facilitate discussions effectively, we
consider three typical QD systems, namely, single QD without
quantum coherence, serially coupled double QDs and side-coupled
double QDs with high quantum coherence in a certain parameter
regime (see Fig. 1). In addition, we assume the bias voltage (1, =
—Ur = V3/2) is symmetrically entirely dropped at the QD-electrode
tunnel junctions, which implies that the levels of the QDs are inde-
pendent of the applied bias voltage even if the couplings are not
symmetric, and choose meV as the unit of energy which corresponds
to a typical experimental situation®’.

Single quantum dot without quantum coherence. In this subsection,
we consider a single QD weakly coupled to two ferromagnetic
electrodes. The Hamiltonian of the considered system is described by
the Hypras = Hyor T Hieas + Hr. The QD Hamiltonian H,,, is given by

Haw1= Y eodyd, +Udldyd|d,, (1)

where d' (d,) creates (annihilates) an electron with spin ¢ and on-
site energy &, (which can be tuned by a gate voltage V,) in this QD
system. U is the intradot Coulomb interaction between two electrons
in the QD system.

The relaxation in the two ferromagnetic electrodes is assumed to
be sufficiently fast, so that their electron distributions can be
described by equilibrium Fermi functions. The two electrodes are
thus modeled as non-interacting Fermi gases and the corresponding
Hamiltonians can be expressed as

— § i
HLeadsJ = Eok A g5 Aoks s (2)
oks

where ast (asxs) creates (annihilates) an electron with energy &y,
spin s and momentum k in « (¢ = L, R) electrode, and s = + (—)

(€) A

QD1

Left electrode

Left electrode

QD1

denotes the majority (minority) spin states with the density of states
Zus- The polarization vectors py (left lead) and pg (right lead) are
parallel to each other, and their magnitudes are characterized by p, =
Pl = (@u+ — 80-)/(gs+ + gu—). The tunneling between the QD
and the electrodes is described by

Hr =th+“L<+dT +tRk+aI2k+dT 3)

ity al, d +tg_ah, d +Hc,

where spin-up | and spin-down | are defined to be the majority spin
and minority spin of the ferromagnet, respectively.

The QD-electrode coupling is assumed to be sufficiently weak,
thus, the sequential tunneling is dominant and can be well described
by the quantum master equation of reduced density matrix spanned
by the eigenstates of the QD. The particle-number-resolved TCL
quantum master equation for the reduced density matrix of the
considered single QD is given by

P (1) dot1

=—iLp" =" [Aij)d;+dgA§;)p("> — Ay, pmd} (4)

%o

—A}({;)p(”’l)dl —dlp“)A(L:) —dlp("“)Ag) —I-H.c.} ,

For more details, see Methods section. Here, the complete basis {|0,
0), 1,0, 11,0),]T, )} is chosen to describe the electronic states of this
single QD system, and the single QD system parameters are chosen
asey =€ =1,U=5,p =09 and kgT = 0.04.

Figure 2 shows the first four current camulants as a function of the
bias voltage for different ratios I';/I" describing the left-right asym-
metry of the QD-electrode coupling. We found that the non-
Markovian effect has no influence on the current noise behaviors
of the single QD considered here, see Fig. 2. Scrutinizing Eq. (4), it is
found that for the non-Markovian case the elements of the reduced
density matrix are equivalent to that for the Markovian case because
there are not the off-diagonal elements of the reduced density matrix.
Thus, the equations of motion of the four elements of the reduced
density matrix can be expressed as

QD2 Right electrode

Right electrode

Figure 1 | Schematic of the two single-level QD molecules weakly coupled to two electrodes, (a) serially coupled double QDs, (b) side-coupled double
QDs. Here, the two QD molecules possess high quantum coherence in the case of A<k T (A being the singly-occupied eigenenergy separation, kg the
Boltzmann constant, T the temperature of the QDs system). The hopping coupling between the two QDs, and the strength of coupling between the
QDs system and the electrode &, are characterized by Jand I',,, respectively.
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Figure 2 | The average current ((I)), shot noise (C,/C,), skewness (C;/C,) and kurtosis (C,/C,) versus bias voltage for the Morkovian and the non-
Markovian case at different coupling of the single QD with two ferromagnetic electrodes, respectively. Here, Cy is the zero-frequency k-order cumulant
of current fluctuations. The non-Markovian effect has no influence on the first four current cumulants of the considered single QD. The single QD system

parameters: ¢, =€, =1, U= 5,p = 0.9 and kgT = 0.04.

(0,0[p5(#)[0,0

)
—[Tutfr.+ (&) + Trifr+ (1) 0>0|Ps )10,0)

- [FLJH (1) + Trifi+ (€1)](0,01ps(£)[0,0)
+[Ifr— (&) + Trife— (¢1)€7](0.Tlps(£)]1.0)
+[Cuufi— (6) + Trife— (6) ] (L0lps(8)]0.1).

(0,71ps(1)[7,0)

= [Tuafe.+ (&) + Trifi+ (1) e ](0,0]ps(£)[0,0)

— [Tiafi.— (1) + Trefe— (e1)] (0. 1]ps(1)[1.0)

[Tuafe.— (
— [Cuifis (r =€) + Trifes (610 =€) {01105 (8)]1.0)
+[Cuife.— (11 —€r) + Trifr— (1 =) e (LT ps(DIT.0),
(1.0lps(t)[0,1)
= [Creife+ (6) + Trife+ (€1)e 7] (0.0]p5(1)[0.0)

— [Tuife.— (e)) + Trefa— (€) ] (1.0 ps(£)]0,))
— [Tutfe+ (er1 =€) + Trefr+ (e =€) [ {100 ps(£)]0,1)
+ [Ciafi.— (e, —ey) + Trpfr— (61, —e€p) e[ (LT os(D)[1.1).

(Los(OIT.1)

= [Teifr+ (erp =€) + Trifrs (€11 =€) e 7] (0. 1]ps(t)[1.0)
+ [FLTfL,f (eu—fl) +Trifr+ (ETl_El)e ” ] (1,0[ps(£)[0,1)
— [Tusfi— (e =€) +Trafe— (ery =€) [ (LT ps(0)]1.1)
— [Tuifi.— (er1 =€) + Trifr— (1 —er) [ (L Tos(8)I1.1)-

Here, f,, + is the Fermi function of the electrode o, and f, - = 1—f, ..
The detailed procedure for calculation of the equation of motion of a
reduced density matrix, see Methods section. Within the framework
of the density matrix theory, the off-diagonal elements of the reduced
density matrix characterize the quantum coherence of the considered
QD system. Thus, the influence of the non-Markovian effect on the
FCS may be associated with the quantum coherence of the consid-
ered QD system. In order to confirm this conclusion, we take serially
coupled and side-coupled double QDs for illustration in the follow-
ing two subsection.

Serially coupled double quantum dots with high quantum coherence.
We now consider two serially coupled double QDs weakly connected
to two metallic electrodes, see Fig. 1(a). For the sake of simplicity, the
spin degree of freedom has not been considered. The double-QD is
described by a spinless Hamiltonian

Haoz =erd}dy +exdldy + Ui —] (dldy+dldi),  (9)
where d;r (d;) creates (annihilates) an electron with energy ¢; (which
can be tuned by a gate voltage V) in ith QD. U is the interdot
Coulomb repulsion between two electrons in the double QD
system, where we consider the intradot Coulomb interaction U —
®, so that the double-electron occupation in the same QD is
prohibited. The last term of H,,, describes the hopping coupling
between the two dots with J being the hopping parameter. The
two metallic electrodes are modeled as non-interacting Fermi gases
and the corresponding Hamiltonians are given by

— § i
HLeads,Z = Eok aak Agks
ok

(10)

where azk(ag‘k) creates (annihilates) an electron with energy ¢,, and
momentum k in « (¢ = L, R) electrode. The tunneling between the
double QDs and the two electrodes is described by
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Hr,= Z (tLazkdl + tR(l;kdz + H.C.) .
ok

(11)

For the case of the weak QD-electrode coupling, the particle-
number-resolved TCL quantum master equation for the reduced
density matrix of the considered serially double-QD system reads

p<n) (t) ‘dot,Z
—iLp" (0) = [dlAy” o ()" (A, d]

dZA§*>p<"><r>+p<”><t>A; & — i o™ (0)d]

V()]

(12)
—d;p("“)(t)A}(:)—i—H.c.],

Here, we can diagonalize the serially coupled double QDs
Hamiltonian Hg., in the basis represented by the electron
occupation numbers in the QD-1 and QD-2 denoted respectively
by N and Ng, namely, {|0, 0), |1, 0), |0, 1), |1, 1)}, and obtain the
corresponding four eigenstates of the considered serially coupled
double QDs system*®

(146) 1/ (6—&) +4)2
€x = ; (14)
2
and
¥J
ai = .
(e4 —e1)*+J?
(15)
+(ex—a)
by =

(ex—a)*+2

Here, we focus on the regime (¢, —e_)<kgT, where the hopping
coupling between the two QDs strongly modifies the internal
dynamics, and the off-diagonal elements of the reduced density
matrix play an essential role in the electron tunneling processes™*-*".
In the following numerical calculations, thus, the parameters of the
serially coupled double QDs system are chosen as ¢, =6 =1, | =
0.001, U = 4 and kT = 0.05.

When the coupling of the QD-2 with the right (drain) electrode is
stronger than that of the QD-1 with the left (source) electrode,
namely, I';/T'r < 1, we plot the first four current cumulants as a
function of the bias voltage for different values of the QD-2-electrode
coupling I'z at I';/I'r = 0.1 in Figs. 3(a)-3(d). We found that the
non-Markovian effect has a very weak influence on the FCS.

Haor,2|0) =0,]0) =[0,0), Interestingly, the high-order current cumulants the skewness and
the kurtosis can still show the tiny differences, see Figs. 3(c) and
Hyor2| 1)t = *=a.]1,0)+b40,1 13 ’ .
aot2[1) €[l > 1 > =a:[1,0)+b:(0.1), (13) 3(d). Whereas for the I';/T's = 1 case, the non-Markovian effect
Haot2|2) =€11[2) = (a1 + &+ U)|2), [2) =]1,1), has a significant impact on the FCS, see Fig. 4. Especially, for a
relatively large value of the ratio I';/I'x = 10 and the coupling of
with the QD-1 with the left electrode being stronger than the hoping
1.0 @ 1.0
a e
08 . 0.8 © Mark. diag. T =T’z =0.001
g' 0.61 [ L'T] 0.6 - == = Mark.,off-diag.,I'l =I'g=0.001
% 0.4 Non Mark. 101"} =I"'=0.001 § 0.4] + - Non-Mark. off-diag..Iy =T
021t - Mark. 10I"; =I"g=0.001 0.2] Mark.,diag.,I'; =10T" =0.001
0.0 Non Mark. IOI"L—FR—O 003 ) e — = Mark,off diag, ]y =101 3 20084 - —+- ===y
1 - =T, = ' ' Mark_off-diag-, T [ = T0T g=0.00T
0.8 | v Mark. 101, =T 3=0.003 1.0 (5) Non-Wark. off-diag. T L =10
07l Non Mark. 10T/=T";=0.005 0.9 o Merk. dd. [=10T =0.004
J . i - 0.8 —— Mark.,off-diag., [y=10T"| =0.084wewemm e
064 G Mark. 10 =T'=0.005 ~ o] Non-MarK_ off-diag. I =101 =0.001
© A / 0 07y e
0.5 0.61
0.4 ]
0.5 R 05 T
! 0.9{" o) P ~
o4l l@ / 08l ¥ / \
Q ; < 0.74 f \
& 0341 € 06\ s N
: O 0.5]
0.21 i
i [ 0.4
0.1 N e rsar e insd 82
008 é\fd) / 06 ™ ',-..--.--,\“
$ -9 ! i
g 0.05 i e} / - ‘.
5 om sod _—
-0.05 : 44444444444444444444444444444444 R 0.2 " )
_0.10 i7 L SESEREALEEE SR ER R LR RSP O O B e e
2 4 6 8 10 12 14 16 -0 2 4 6 8 10 12 14 16
Bias Voltage (meV) Bias Voltage (meV)
Figure 3| (a)—(d) The average current ({I)), shot noise (C,/C,), skewness (C;/C;) and kurtosis (C,/C;) versus bias voltage for the Morkovian and the

non-Markovian case at different values of the QD-2-electrode coupling I'g with I';/I'g = 0.1. Here, Cy is the zero-frequency k-order cumulant of

current fluctuations. The non-Markovian effect in the I';/I'g = 0.1 case has a weak influence on the the first four current cumulants. The serially coupled
double QDs system parameters: €, =€; =1, ] = 0.001, U= 4 and kT = 0.05. (e)—(h) The average current ({I)), shot noise (C,/C, ), skewness (C;/C,) and
kurtosis (C,/C,) versus bias voltage for different coupling of the serially coupled double QDs system with two metallic electrodes. Here three cases are
considered, namely, (1) the Markovian and the diagonal elements of the reduced density matrix, (2) the Markovian and the off-diagonal elements of the
reduced density matrix, (3) the non-Markovian and the off-diagonal elements of the reduced density matrix. The non-Markovian effect has a very weak
influence on the first four current cumulants in the serially coupled double QD system with a relatively small quantum coherence. The serially coupled

double QDs system parameters: €, =€, =1, J = 1, U = 4 and kT = 0.05.
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order cumulant of current fluctuations. The non-Markovian effect in the I';/T"' =

current. The serially coupled double QDs system parameters: €, =€, =1, ] =

coupling, namely, I';/] > 1, the non-Markovian effect can induce a
strong negative differential conductance (NDC) and super-
Poissonian noise, see Figs. 4(e) and 4(f). In addition, in the case of
I't/T'r = 1 and I';/] > 1, the transitions of the skewness and the
kurtosis from positive (negative) to negative (positive) values are
observed, see the dotted line in Fig. 4(c), the dotted and dash-dot-
dotted lines in Fig. 4(d), and the dash-dot-dotted line in Fig. 4(h). It is
well known that the skewness and the kurtosis (both its magnitude
and sign) characterize, respectively, the asymmetry of and the peak-
edness of the distribution around the average transferred-electron
number 7 during a time interval f, thus that provides further
information for the counting statistics beyond the shot noise.

To discuss the underlying mechanisms of the current noise clearly,
for the system parameters considered here, the two singly-occupied
eigenstates and eigenvalues can be expressed as

L VI V2
D* = F 25 [10)+ 2o, (16)
€L =€_=¢€

Here we have utilized the equations ¢; =¢; =¢ and €>]. In this situ-
ation, the equations of motion of the six elements of the reduced
density matrix are given by

(0,0p5(1)0,0)
= —[[Tifr.+ (€) + Trfr.+ (€)1{0.,0]ps(£)[0,0)

10 12
Bias Voltage (meV)

and kurtosis (C,/C;) versus bias voltage for the Morkovian and the non-
(d) for I',I'r = 1, (e)—(h) for I'y/T"g = 10. Here, Cy is the zero-frequency k-
= 1 case has a significant impact on the first four cumulants of transport
0.001, U = 4 and kgT = 0.05.

- ()
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(L1]ps(6)[1,1)

= P (4 U) T (e D)1 ps()]1)*

43 [Cefu s (4 U)=Tfe s (4 V)™ 1] o)1)~

: | (20)
+ 5 [Tufis (4 U) = Tfis (e U)e ] (1]~ ps(0) 1)
43 [Ttf (4 U) 4 T (e U)e (1] py(0)1) ™
—[Cif,— (e+U) +Trfr - (e+ U)(L1|pg(1)[1,1),
where @, =, (c+ U) — b, (c), b, (c) =Re ¥ B + % (W is the

digamma function) and F,=f, . (e+U) —f,, _ (¢). Compared with
the Markovian case, it is obvious that the non-Markovian effect
manifests itself through the off-diagonal elements of the reduced
density matrix, namely, the quantum coherence of the considered
QDs system. In Fig. 5(a), we plot the functions ®; — 0.10; (I'g =
O.IFL), (I)L - (I)R (FR = FL) and Ol(DL - (DR (FL = Oer) as a
function of bias voltage. It is clearly evident that the values of the
functions ®; — 0.1Pg and ®; — Oy show significant variations with
increasing bias voltage, especially in the vicinity of the bias voltages
Viy = 2 and V;, = 10 because the new transport channels begin to
participate in quantum transport; while 0.1®; — @y has a gentle
variation. Consequently, the non-Markovian effects in the I';/I'g
= 1 case have a remarkable impact on the FCS, see Fig. 4.
Moreover, for I';/I"g = 10 case, the non-Markovian effect has a more
significant on the FCS than the I';/T'r = 1 case, which originates
from the QD-2-electrode coupling I'r is weaker than the hoping
coupling J, where the electron tunneling from QD-1 can not tunnel
out QD-2 very quickly and still influence the internal dynamics.

In order to illustrate whether the non-Markovian effect has a weak
influence on the FCS in a relatively small quantum-coherent QD
system, we consider the regime (¢, —e_)>kgT (J = 1), where the

off-diagonal elements of the reduced density matrix have little influ-
ence on the electron tunneling processes. We find that for the ] = 1
case the diagonal elements of the reduced density matrix play a major
role in the electron tunneling processes, and the non-Markovian
effect in this case indeed has little impact on the FCS, see
Figs. 3(e)-3(h). Consequently, the influence of the non-Markovian
effect on the FCS depends on the quantum coherence of the consid-
ered QD system. To prove whether this conclusion is universal or
not, we take side-coupled double QDs for further illustration in the
following subsection.

Side-coupled double quantum dots with high quantum coherence.
We consider here a side-coupled double QDs system. In this case, the
QD-1 is only weakly coupled to the two electrodes, see Fig. 1(b). The
QD-electrode tunneling is thus described by

HT,3 = Z (txka;kdl + t;kd]\axk> .
ok

(21)

In the case of the QD-electrode weak coupling, the particle-num-
ber-resolved TCL quantum master equation for the side-coupled
double QDs can be expressed as

PO (1) laot3
— —iLp™ (6)— [dfAf o) (6) + dl Al " (1)
oW AL ]+ p W (OA ] AL (0] (22)
— A" V(0] —dlp " (ALY
—dfp" V(ALY + H.c.} :

Here, the eigenstates and eigenvalues of the side-coupled double QDs
system are the same as the serially coupled double QDs system. In the
following numerical calculations, the parameters of the side-coupled
QDs system are chosen as€; =6, =1,] = 0.001, U = 5and kgT = 0.1.

= = 0,00 e+U)-0,©)+0,()

0, (e+U)-0.10, (e+U)—0, (€)+0.10,(€)

0.19, (e+U)—0, (e+U)-0.1¢, (&)+0, ()

— ¢L(8+U)+0. 1 ¢R(£+U)—¢L(€)—O. 1 (I)R(E)
= = 0 eU)Ho,(e+U)-0,(£)-0,(®)

0.10, (e+U)+0, (e+U)-0.1¢, (£)-0,(e)

0 2 4 6

8 10 12 14 16

Bias Voltage (meV)

Figure 5| (a) The functions ®; — 0.10z (I'r = 0.1';), &; — O ([z=T';) and 0.10; — O (', = 0.1T'g) as a function of bias voltage with U = 4 and k3T
= 0.05. (b) The functions ®; + 0.10x (I'r =0.1";), ®; + O (I'x=1";) and 0.1®; + O (I', = 0.1Dy) as a function of bias voltage with U= 5 and kzT =

0.1. Here, @, =¢,(e+ U) —¢,(€), ¢, (€) =Re¥ B + i(zen;:l]{)

and YV is the digamma function. The variation of the value of the above mentioned

function is responsible for whether the non-Markovian effect has a remarkable influence on the first four cumulants of transport current.
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For the present side-coupled QDs system with high quantum
coherence, we find that for I';/T"g = 1 case the non-Markovian effect
has a more remarkable impact on the FCS than that in the serially
coupled double QDs system, but the NDC does not appear, see Figs. 4
and 6. For instance, in the case of I';/] > 1 and I';/T' = 1, the non-
Markovian effect can further enhance the super-Poissonian shot

Fpn[1)*
_! > [Tt O+ Tafis (e

-3 Z ulfus (4 U) +fom (11 F ps(D)]1)*

"1(0.01p5(1)]0.0)

noise, see the dotted and dash-dot-dotted lines in Fig. 6(b); and the 2,5 LR
transitions of the skewness and the kurtosis from a relatively small 1 . (24)
positive to a large negative values take place, especially for a relatively =+ 3 Z T;(im“ FrF,)(1] *p s(H)]1)
large value I';/] the kurtosis can be further decreased to a very large a=L.R
negative value, see the dotted and dash-dot-dotted lines in Figs. 6(c) 1 B N
and 6(d). While for the I';/J > 1 and I';/T'x = 10 case the non- T 5 [1CD T rF (1] ps(t)[1)
Markovian effect can enhance the shot noise to a super-Poissonian e
value, see the dotted and dash-dot-dotted lines in Fig. 6(f), and the 1 1 )
transition of the kurtosis from small positive to large negative values ~ + 7 {FlfL,f (e+U)+ 3 Drfr—(e+U)e” | (1,1]pg(1)[1,1),
only takes place, see the dotted and dash-dot-dotted lines in Fig. 6(h).
For the system parameters considered here, namely, in the limit of
€, =6 =€e>], the equations of motion of the six elements of the
reduced density matrix read . e
SOl
1 —i
(0.0]35(1)]0.0) = 3 [Tufi+ (9 + T+ (9] (0.005(1)]0,0)
—[C e)+I €)](0,0|p¢(£)[0,0 1 ... _
1 [ LfLHr() RfRHr()]( ‘pS( )| > iz Z %[z(l)x-',-nF“](lﬁps(t)H)Jr
; + o=L,R
+ 5 [Cufi— (9 + Trfi— (7] (1] T ps(0)]1) (25)
- _ 23) 3 Z Cylfur (64 U)+fo— (11 ps(6)|1) *
E[TLfL—( )+ Trfe— ()] (1] * ps(t)[1) 25Tk
+_1 r
1 e F27(1F ps(0)|1) T F 2 Y i, +nE](1] " pd (1)[1)
— 3 [Tufi @+ Tfe- @) (1] ps(o)1)* F27(1F ps(t)[1) T F ZQZL:RZn[l ETE)(1] pd (1)]1)
1 ; - - 1 ;
+ 5 [Tufi— () + Tafe— (e (1]~ ps(1)[1) 7 + 5 [Cufi— (4 U)+ Tafi— (e U)e ] (L1|ps(6)]1,1),
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Figure 6 | The average current ((I)), shot noise (C,/C,), skewness (C;/C,) and kurtosis (C,/C,) versus bias voltage for the Morkovian and the non-
Markovian case at different values of the QD-1-electrode coupling I'x. (a)—(d) for I';/T'r = 1, (e)—(h) for I')/T'x = 10. Here, Cj is the zero-frequency
k-order cumulant of current fluctuations. The non-Markovian effect in the I';/T"; = 1 case has a more remarkable impact on the first four cumulants
of transport current than that in the serially coupled double QDs system, but the NDC does not appear. The side-coupled double QDs system

parameters: €, =6 =1, J = 0.001, U = 5 and kzT = 0.1.
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(L1]ps(6)[1,1)

= [P (4 U+ T (V)]0 ps()]1)*

+ % [Cifi,+ (e4+U)+Trfr + (e+U)e  * {17 pg(t)[1)
(26)

45 [Cefu s (4 U)+ Tafe s (4 V)] 1] p0)1)*

45 [Ctfus (4 U)+ Taf s (4 U)e (1] p(0)1)
~[Ftfy— 4+ U) + T (e DL Up(DILY).

From the above four equations, we find that these characteristics also
originate from the quantum coherence of the side-coupled double
QDs, and can also be understood in terms of the functions ®; +
0.1d and @; + Dy, which have considerable variations in the vicin-
ity of the bias voltages V;, = 2 and V}, = 12 because the new transport
channels begin to enter the bias voltage window, see the solid and
dashed lines in Fig. 5(b). As for the I';//T'’x < 1 case the non-
Markovian effect has a slightly influence on the FCS because the
function 0.1®; + @y has a gentle variation with increasing the bias
voltage, see the dotted line in Fig. 5(b), which is the same as the
serially coupled double QDs system, see Figs. 3(a)-3(d) and 7.

In addition, it should be pointed out that for I';/T'r = 1 the non-
Markovian effect has a stronger impact on the FCS than that for I';/
I'r > 1 case, which is contrary to the case of the serially coupled
double QDs system. For the the side-coupled double QDs system, the
quantum coherence originates from the quantum interference
between the direct electron tunneling process, namely, the conduc-
tion-electron tunneling into the QD-1 and then directly tunneling
out of the QD-1 onto the drain electrode, and the indirect tunneling
process, namely, the conduction-electron from the source electrode

first tunneling from the QD-1 to the QD-2, then tunneling back into
the QD-1, and at last tunneling out of the QD-1. Thus, the fast direct
tunneling process in the I'; = 10I' case can be suppressed compared
with the I'; = I' case, which leads to the non-Markovian effect has a
relatively strong impact on the FCS in the I')/T'x = 1 case.

Discussion

We have developed a non-Markovian FCS formalism based on the
exact TCL master equation, and studied the influence of the interplay
between the quantum coherence and non-Markovian effect on the
long-time limit of the FCS in three QD systems, namely, single QD,
serially coupled double QDs and side-coupled double QDs. It is
demonstrated that the non-Markovian effect manifests itself through
the quantum coherence of the considered QD molecule system, and
especially has a significant impact on the FCS in the high quantum-
coherent QD molecule system, which depends on the coupling of the
considered QD molecule system with the source and drain electro-
des. For the single QD system without quantum coherence, the non-
Markovian effect has no influence on the current noise properties;
whereas for the serially coupled and side-coupled double QDs sys-
tems with high quantum coherence, that has a remarkable impact on
the FCS when the coupling of the considered QD molecule with the
incident electrode is equal to or stronger than that with the outgoing
electrode. For instance, for the high quantum-coherent serially
coupled double QDs system, the non-Markovian effect can induce
a strong NDC and change the shot noise from the sub-Poissonian to
super-Poissonian distribution in the case of I'y /T'g>>1and I'; > J;
while for the high quantum-coherent side-coupled double QDs sys-
tem, that can remarkably enhance the super-Poissonian noise or the
sub-Poissonian noise for the I';/T'gx = 1 case. Moreover, the non-
Markovian effect can also lead to the occurrences of the skewness
and kurtosis from small positive to large negative values. These
results indicated that the influence of the non-Markovian effect on
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Figure 7 | The average current ((I)), shot noise (C,/C,), skewness (C;/C,) and kurtosis (C,/C,) versus bias voltage for the Morkovian and the non-
Markovian case at different values of the QD-1-electrode coupling I'r with I';/I"'gs = 0.1. Here, Cy is the zero-frequency k-order cumulant of current
fluctuations. The non-Markovian effect in the I';/I"z = 0.1 case has a slightly influence on the the first four current cumulants. The other system

parameters are the same as in Fig. 6.
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the long-time limit of the FCS should be considered in a highly
quantum-coherent single-molecule system.

Methods

Particle-number-resolved time-convolutionless quantum master equation. We
consider a general transport setup consisting of a single-level QD molecule weakly
coupled to the two electrodes, see Fig. 1, which is described by the following
Hamiltonian

H = Helectrodes + Haot + thb- (27)

Here, the first term Hejectrodes = Z%k ) sikaxkﬂam stands for the Hamiltonians of the
two electrodes, with &, being the energy dispersion, and a,x, ( 1,{0) the annihilation

(creation) operators in the o electrode. The second term Hyor = Hg (dz,dﬂ> , which

may contain vibrational or spin degrees of freedom and different types of many-body
interaction, represents the QD molecule Hamiltonian, where d, (dy) is the creation
(annihilation) operator of electrons in a quantum state denoted by . The third term
Hpyp = Zw. . (tj ﬂk‘l:ﬂkdu + twkd;awk> describes the tunneling coupling between

the QD molecule and the two electrodes, which is assumed to be a sum of bilinear
terms that each create an electron in the QD molecule and annihilate one in the
electrodes or vice versa.

The QD-electrode coupling is assumed to be sufficiently weak, so that Hyy, can be
treated perturbatively. In the interaction representation, the equation of motion for
the total density matrix reads

=0 ()= —i[Hiy, (0.0 (0)] = L)' 1), (28)
with
HEy(0)= = 3 [0+ d (0 uue)]
o
wherefw Zk ” i Hecatrodest leefincmdmt and d,(t)= einmfdﬂefinmt. In order

to derive an exact equation of motion for the reduced density matrix ps of the QD
molecule system, it is convenient to define a super-operator P according to

Pp=trs[p]® pp=ps® pi. (29)
with pg being some fixed state of the electron electrode. Accordingly, a comple-
mentary super-operator Q reads

Qp=p—"Pp. (30)

For a factorizing initial condition p (t) = ps (o) ® pp, Pp(te) =p(ty), and
Qp(ty) =0. Using the TCL projection operator method™, one can obtain the second-
order TCL master equation

a t

&Pp(t)J At PL(t)L(t)Pp(t), (31)
The Eq. (31) is the starting point of deriving the particle-number-resolved quantum
master equation. Using Eqs. (28) and (29), after some algebraic calculations we can

rewrite Eq. (31) as

0
EPLS([)

dttry [p15(0) @paf, (1)d (1)} (1)1

dtites [d] (0 (O} (1) (1)1 ()@ | (32)

dtyteg[ff, ()du(£) pr.s(H) @ pgd] (t1)fur(11)]

dttrg {dﬂ(t) ,“(t)plvs(t)®plif;\,(t1)d\,(t1)] +H.c.

In order to fully describe the electron transport problem, we should record the
number of electrons arriving at the drain electrode, which emitted from the source
electrode and passing through the QD molecule. We follow Li and co-authors®>* and
introduce the Hilbert subspace B (n = 1,2, ...) corresponding to # electrons arriving
at the drain electrode, which is spanned by the product of all many-particle states of
the two isolated electrodes, and formally denoted as B = span{|¥.)® ® |W¥r)"}.
Then, the entire Hilbert space of the two electrodes can be expressed as B = @,B".

With this classification of the electrode states, the average over states in the entire
Hilbert space B in Eq. (32) should be replaced with the states in the subspace B", and
leading to a conditional TCL master equation

[ dtitrgm {/’I,S(t)®pgﬂ.<t1)d‘,(tl)dl(t) w(t)]
[ dt trgm) [df,(t) au(t)f;,(tl)d‘,(tl)pl’s(t)®p3:|
+ ZJ‘ ) dt trgu w,(tl)d\,(tl)m,s(t)@deZ(t) w(t)]

dtrtryo [d(Of (0150 @pafl, (0)dh (1) + Hec..

To proceed, two physical considerations are further implemented. (i) Instead of the
conventional Born approximation for the entire density matrix p(t) ~ p(t) ® pp, the
ansatz p (t) ~ p® (t)@pg’) is proposed, where pg‘) being the electrode density
operator associated with n electrons arriving at the drain electrode. With this ansatz
for the entire density operator, tracing over the subspace B", the Eq. (33) can be
rewritten as

4 n
5018 (1)
dtytrg [, (0)fuu(1)ps] o318 (D), (1) (1)

dtytrg [ (OFF, (0)p3] d] () (0) )13 (1)

(34)
dtytryn [fr, ()5, ()08 | s (1) (00 1)

e[ g [ O o] )l 00
| dtte [0, 0003003 01 1)

dtitryo [fi,(0)f, (s 1015 (O (1) + Hec.

Here we have used the orthogonality between the states in different subspaces. (ii) The
extra electrons arriving at the drain electrode will flow back into the source electrode
via the external closed transport circuit. Moreover, the rapid relaxation processes in
the electrodes will bring the electrodes to the local thermal equilibrium states quickly,

which are determined by the chemical potentials Consequently, after the procedure
(n+1)

done in Eq. (34), the electrode density matrices p ) and Pi
pg))‘ In the Schrodinger representation, the Eq. (34) can be expressed as

) should be replaced by

- —i[Hs,p(S“)t]

J dt,Ct Wt tl 71‘),0( )(t)e—iHs(t—tl)dveiHs(z—t,)dz
oy ©

J dt CL,) (t— ) d] e =10 g, st o0 (1)
oy ©

35
dt,C Lm t_t> *’”‘(”“)d\,e’m("")pg’”(t)dl (35)
— o0

J iy Cloy) (£ — ty)e= 8000 g gis(1=10) (00 (1) 41

"
o

;n

jng
dt, CL\[L t)d:ﬂpén) (t)e—iHs(r—n)dveiﬁg(r—n)

w —@©

ny

[ dy Clt) (0 — ) pl D (1)e™ M=) d M0 4 B g
ee]
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where the correlation function are defined as

Clan) (1= 1) =t £, (O (1) = (fL (1)),

(36)
€l (=) =tsn [ (05, ()] = (fun (O, (1) ).
Introducing the following super-operators
t
A (1) = Zj dnClyy) (h —)e™ MU= g, =0,
—©
t (37)
1“ (t)— Z [ dtlcxw (tftl)e_iHS(‘_t‘>d\,eiH5(t_"),
— 00
then, the Eq. (35) can be rewritten as a compact form
0
0
- —i[Hs,pg")(t)}
> {ps (A ()] +dlA7) (1) (1) (38)

. <r>p;‘ <t>d;fAR;><t>p§"*”<r)d;
—dp" (DAL, () —dlpl (DAL, () +Hec. ).

where A Z A
Markov1an FCS calculanon

)(t). The above equation is the starting point of the non-

Non-Markovian full counting statistics. In this subsection, we outline the procedure
to calculate the non-Markovian FCS based on Eq. (38). The FCS can be obtained from
the cumulant generating function (CGF) F () which related to the probability
distribution P (n, t) by*** e F = Z «P(n,t)e"%, where y is the counting field. The
CGF F (y) connects with the particle—number resolved density matrix p® (t) by
Z P ()i, Evidently, we have e " = Tr[S (y, £)], where the
trace is over the elgenstates of the QD molecule system. Since Eq. (38) has the
following form p™ = Ap™ 4+ Cp"* 4 Dp("= 1, then, S (1, t) satisfies

S=AS+e CS+e”DS= L,S, where S is a column matrix, and A, C and D are three
square matrices. The specific form of L, can be obtained by performing a discrete
Fourier transformation to the matrix element of Eq. (38). In the low frequency limit,
the counting time, namely, the time of measurement is much longer than the time of
tunneling through the QD molecule system. In this case, F (y) is given by>**>*>%5-57
F(y) = — 1 () t, where 2 (y) is the eigenvalue of L, which goes to zero for y — 0.
According to the definition of the cumulants one can express 4; (y) as

N

o Glin)
A00=2 e R
Schrédinger perturbation theory in the counting parameter y. In order to calculate the
first four current cumulants we expand L, to four order in y

defining S(y.t) =

The low order cumulants can be calculated by the Rayleigh—

L, 7L0+LM+ Lzy + = L3/ + — L4/ + -

Ny (39)

and define the two projectors*®*>% P=pP? =|0))((0| and Q = Q* = 1 — P, obeying

the relations PLy = LyP = 0 and QL, = L,Q = LO Here, |0)) is the right eigenvector of
Ly, i.e., Ly |0)) = 0, and <<6| =1 is the corresponding left eigenvector. In view of L,
being singular, we also introduce the pseudoinverse according to R=QL, ' Q, which
is well-defined due to the inversion being performed only in the subspace spanned by
Q. After a careful calculation, 4, (y) is given by

A1(2) = ({0 L1[0))
2 [((8]L210)) —2((6l1uRL 0] 2
1 ~ N
+ 57 [({01L5[0)) —3((0|L.RLy + L1 RL, 0))
—6({0|L1R(RL,P— Ly R)L1|0)) ] * +
+ [0l
—4(

—12

—6((0|L,RL,|0))

i (40)
(O|(LsRLy +L;RL3)[0))
((0|LR(RL, P~ Ly R)L[0))
—12((0|LiR(RL,P— L,R)L|0))
—12{(0|L1R(RL; P—L1R)L|0))
—12((0|LiR(R*L PL{P—RL{PLR— L, R*L, P

—RLRLP+LiRLiR)L,|0))] /4 + - -.

From Eq. (40) we can identify the first four current cumulants:

G /t={{0|L|0)) /i, (41)
G/t =[({0|L,]0)) —2( (O|L,RL|0))] /7, (42)
Cs/t=[((0|Ls|0)) —3((0|L,RL; + L RL,|0))
43
—6((0|LiR(RL,P— LiR)L1|0))] /i, )
Ca/t=[((0|L4|0)) —6((0|L,RL|0)) —4({0|LsRL; 4+ L1 RL3|0))
—12((0|L,R(RL{P— L1 R)L;|0)) — 12{{0|L; R(RL,P— L,R)L;|0) ) )

—12((0|LiR(RLyP—LyR)L,|0)) —24((0|L;R(R*L, PL,P— RL;PL;R— L, R*L, P
—RLRL;P+LiRLR)L,|0))] /i*.

Here, it is important to emphasize that the first four cumulants Cy are directly related
to the transport characteristics. For example, the first-order cumulant (the peak
position of the distribution of transferred-electron number) C; = gives the average
current (I) = eC,/t. The zero-frequency shot noise is related to the second-order
cumulant (the peak-width of the distribution) S=2¢>C, /t=2¢? (n* —#*) /t. The
third-order cumulant C = (n—7)* and four-order cumulant C, = (n—7)* —
—
3(n—n)*
Here, (--+) = Z #(+ - *)P(n,t). In general, the shot noise, skewness and kurtosis are
C5/C, and F; = C4/Cy, respectively.

characterize, respectively, the skewness and kurtosis of the distribution.

represented by the Fano factor F, = G,/Cy, F3 =
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